Network Equilibrium of Heterogeneous Congestion
Control Protocols

Ao Tang Jiantao Wang Steven H. Low
EAS Division, California Institute of Technology
Mung Chiang
EE Department, Princeton University

Abstract—When heterogeneous congestion control protocols sources interact through shared links in intricate and surprising
that react to different pricing signals share the same network, ways, e.g., [26]. Such behaviors are absent in single-link
the resulting equilibrium may no longer be interpreted as a a4els and are usually hard to discover or explain without a

solution to the standard utility maximization problem. We prove fund tal understandi fth derlvi truct Gi
the existence of equilibrium under mild assumptions. Then we undamental understanding ot theé underlying structure. iven

show that multi-protocol networks whose equilibria are locally the scale and heterogeneity of the Internet, it is conceivable
non-unique or infinite in number can only form a set of measure that such behaviors are more common than we realize, but

zero. Multiple locally unique equilibria can arise in two ways. remain difficult to measure due to the complexity of the
First, unlike in the single-protocol case, the set of bottleneck links infrastructure and our inability to monitor it closely. A math-

can be non-unique with heterogeneous protocols even when the tical f K thus b indi ble | lori
routing matrix has full row rank. The equilibria associated with ~ €Mmatical framework thus becomes indispensable in exploring

different sets of bottleneck links are necessarily distinct. Second, Structures, clarifying ideas, and suggesting directions. Some
even when there is a unique set of bottleneck links, network of the theoretical predictions in this paper have already been
equilibrium can still be non-unique, but is always finite and odd demonstrated experimentally in [25].

in number. They cannot all be locally stable unless it is globally

unique. Finally, we provide various sufficient conditions for global

uniqueness. Numerical examples are used throughout the paper B. Summary

to illustrate these results. A congestion control protocol generally takes the form

Index Terms— Congestion control, Heterogeneous protocols,
Multiprotocol networks, Equilibrium analysis
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I. INTRODUCTION JHEL(F)
A. Motivation )
Congestion control protocols have been modelled as dis- o= fi (w0, D mie) @
tributed algorithms for utility maximization, e.g., [9], [13], IEL()

[20], [28], [10], [12]. With the exception of a few limited Here, L(;) denotes the set of links used by soujcandg;(-)
analysis on very simple topologies [19], [11], [12], existingnodels a queue management algorithm that updates the price
literature generally assumes that all sources are homogenegys) at link , often implicitly, based on its current value and

in that, even though they may control their rates using differefife sum of source rates;(t) that traverse link. The prices
algorithms, they all adapt to the same type of congestieiay represent loss probabilities, queueing delays, or quantities
signals, e.g., all react to loss probabilities, as in TCP Rengxplicitly calculated by the links and fed back to the sources.
or all to queueing delay, as in TCP Vegas or FAST [8]. WheThe function f;(-) models a TCP algorithm that adjusts the
sources withheterogeneougprotocols that react to differenttransmission rate;;(t) of source;j based on its current value
congestion signals share the same network, the current duadifid the sum of “effective pricesih (p;(t)) in its path. The
framework is no longer applicable. With more congestiogffective pricesn (p;(t)) are functions of the link prices (),
control protocols being proposed and ideas of using congestigiy the functionsn/ in general can vary depending on the
signals other than packet losses, including explicit feedbackgks and sources.

being developed in the networking community, we need awhen all algorithms use the same pricing signal, i.e
mathematically rigorous framework to understand the behavigy — ), are the same for all sources the equilibrium
of large-scale networks with heterogeneous protocols. TBgyperties of (1)-(2) turn out to be very simple. Indeed, under
purpose of this paper is to propose such a framework.  mjld conditions ong;(-) and f;(-), the equilibrium of (1)-
Our emphasis is on general networks with multiple SOUrces) exists and is unique [12]. This is proved by identifying
and links that use a large class of algorithms to adapt thge equilibrium of (1)-(2) with the unique solution of the
rates and congestion prices. Often, interesting and countgiitity maximization problem defined in [9] and its Lagrange
intuitive behaviors arise only in a network setting wherga| problem [13]. Here, the equilibrium prices play the
Appears in Proceedings of IEEE Infocom, Miami, role of Lagrange multipliers, one at each link. This utility
FL, March 2005. maximization problem thus provides a simple and complete




characterization of the equilibrium of a single-protocol neby superscriptj, and N7 sources using protocai, indexed

work. by (j,i) wherej = 1,...,J andi = 1,...,N?. The total
When heterogeneous algorithms that use different pricimgmber of sources &V := Zj N7,

signals share the same network, i.ev] are different for ~ The L x N7 routing matrix?/ for type j sources is defined

different sourcegj, the situation is much more complicatedby R;, = 1 if source(j,:) uses linkl, and O otherwise. The

For instance, when TCP Reno and TCP Vegas or FAST shaxerall routing matrix is denoted by

the same network, neither loss probability nor queueing delay 1 5 g

can serve as the Lagrange multiplier at the link, and (1)—(2) R=[R R - R']

can no longer be interpreted as solving the standard utilify] type ;j sources react to “effective price$’<{ at links ! in

maximization problem. Basic questions, such as the existeqggjr paths. The effective pricg/ is determined by the link
and uniqueness of equilibrium, its local and global stabilityyrice , through a price mapping function

need to be re-examined. ; ;
In the multi-protocol case, we prove that equilibrium still = mi(p)

exists, under mild conditions, despite the lack of an underlyiRghich can depend on both the link and the protocol type. By
concave optimization problem (Section III): In contr'ast to th ecifying functionn?, we can let the link feed back different
single-protocol case, even when the routing matrix has filhngestion signals to sources using different protocols, for

row rank, there can be uncountably many equilibria (Exampég(amme, Reno with packet losses and Vegas with queueing
1 in Section 1V) and the set of bottleneck links can be noRyg|ay. Let mi(p) = (m{(p),l = 1,...L) and m(p) =

unique (Example 2 in Section V). However, we prove tha(tmj(pl)’j =1,....J).

almost all networks have finitely many equilibria and they The aggregate prices for sourtg ) is defined as

are necessarily locally unique (Section IV). Non-uniqueness 4 o o

can arise in two ways. First, the equilibria associated with q = ZR{ip? = ZRZW? (m) 3
different sets of bottleneck links are always distinct. Second, l l

the number of equilibria associated with each set of bottleneck; ¢ = (¢di=1..N)adqg= (¢,j =1...,J)
links can be more than one, though always odd (Secti !

IV). Moreover, these equilibria cannot all be locally stabl
unless the equilibrium is globally unique (Section V). Finally, Let 20 be a vector with the rate’ of source(j, i) as its
we provide three additional sufficient conditions for global, entry, andz be the vector of:/ ! ’
uniqueness of network equilibrium (Section V). The first '
condition generalizes the full-rank condition @hfor global v = [ @), @), .. @) ]T
uniqueness from single-protocol networks to multi-protocol o " N . ,
networks. The second condition guarantees global uniqueng9&rce(, i) has a utility function; (xij) that is strictly con-
when the price mapping functions! = m/ are linear and S8VeIncreasinginits rate]. LetU = (Ui =1,...,N7,j =
link-independent. The last condition implies global uniquene%s- ). . ) i

of a class of linear networks. Throughout the paper, we !N 9eneral, ifz; is defined, then: denotes the (column)
provide numerical examples to illustrate equilibrium propertie€ctor 2 = (zx, Vk). Other notations will be introduced later
or how a theorem can be applied. In [25], we demonstrafé'€n they are encountered. We oallm, R, U) & network
experimentally the phenomenon of multiple equilibria using

TCP Reno and TCP Vegas/FAST in ns-2 simulator/DummynBt Network equilibrium

testbed. A network is in equilibrium, or the link priceg and source
Our formulation is close to the general equilibrium theoryatesz are in equilibrium, when each sour¢g i) maximizes

[17] in economics from which we borrow some ideas anigs net benefit (utility minus bandwidth cost), and the demand

techniques. See [4], [6], [7], [22], [23], [27], [3], [5], [16], [1] and supply of bandwidth at each link are balanced. Formally,

for related works. The main mathematical tools used in thisnetwork equilibrium is defined as follows.

paper are the Nash theorem in game theory [21], [2], which isGive_n any price®, we assume in this paper that the source

an application of Kakutani’s generalized fixed point theorematesz] are uniquely determined by

and results from differential topology, especially the Poincare-

Hopf Index Theorem [18]. They are used to prove existence CCZ (qf) _ {(Uij)/l (qf)}

and study unigueness of network equilibrium, respectively.

B8 vectors of aggregate prices. Theh= (Rj)ij (p) and
G = RTm(p) where” denotes matrix transpose.

+

/—1

N/ . .
where (Uf) is the derivative ofU;, and <U¢]) is its

II. MODEL . / . R _
A Notati inverse which exists sindg; is strictly concave. Herg:]" =
- Notation max{z, 0}. This implies that the source rate5 uniquely solve
A network consists of a set of links, indexed byl = ) )
it g i ; max U} (z) — 2q]
1,...,L, with finite capacitiesc;. We often abuse notation >0 ¢ i

and useL to denote both the number of links and the se'&
L = {1,...,L} of links. Each link has a pricey, as its

s We1 will see, under the assumptions in this paper,
N 5 . .
congestion measure. There afedifferent protocols indexed (Uf) (qzj-> > 0 for all the pricesp that we consider, and



hence we can ignore the projecti¢fi” and assume without When all sources react to the same price, then the equi-
loss of generality that librium described by (3)—(6) is the unique solution of the
following utility maximization problem defined in [9]:

( ) (UZJ) ( ) “) max ZUZ(:Q) (11)

x>0

z(q) = (2 (¢/),j=1,...,J) to denote the vector-valued
functions composed ij Slnceq = RTm(p), we often abuse
notation and writer? (p), 29 (p), z(p).

Define the aggregate source ratg§®) = (ui(p),!
1,...,L) at links! as:

As usual, we user? (¢7) ( J ) i=1,. Nj) and subject to Rll < ¢ (12)

where we have omitted the superscript= 1. The strict
concavity of U; guarantees the existence and uniqueness of
the optimal solution of (11)—(12). The basic idea to relate
the utility maximization problem (11)—(12) to the equilibrium
equations (3)—(6) is to examine the dual of the utility max-
j _ piog _ imization problem, and interpret the effective prieg(p;)
yp) = Balp), ) = Ralp) ®) as a Lagrange multiplier associated with each link capacity
In equilibrium, the aggregate rate at each link is no mof@nstraint (see, e.g., [13], [20], [12]). As long a&(p;) > 0
than the link capacity, and they are equal if the link price @nd m(0) = 0, one can replace; in (6) by m(p;). The
strictly positive. Formally, we calp an equilibrium price a resulting equation together with (3)-(5) provides the necessary
network equilibrium or just anequilibriumif it satisfies (from and sufficient condition fox;(p) andm (p;) to be primal and
(3)-(5)) dual optimal respectively.
This approach breaks down when there dre> 1 types
P(y(p) —c) =0, yp)<c¢, p>0 (6) of prices because there cannot be more than one Lagrange
) _ ) ) ) multiplier at each link. In general, an equilibrium no longer
where P is a diagonal matrix defined &8 := diag(pi). The  maximizes aggregate utility, nor is it unique. However, as
goal of this paper is to study the existence and uniquenggg,wn in the next section, existence of equilibrium is still

properties of network equilibrium specified by (3)-(6). et gyaranteed under the following mild assumptions.

be the equilibrium set: Al: Utility functions UZ? are strictly concave increasing, and

E = {peRt LI Py(p) —¢) =0, y(p) < ¢} (7) twice pontinuopsly d‘ifferentiak_)Ie in their.domaips. Pr_ice
mapping functionsn; are continuously differentiable in
For future use, we now define an active constraint set and their domains and strictly increasing with? (0) = 0.

the Jacobian for links that are actively constrained. Fix #w: For anye > 0, there exists a numbef,,. such that if
equilibrium pricep* € E. Let theactive constraint sef, = P > Pmax for link 7, then
L(p*) C L (with respect top*) be the set of linkg at which j o i
p; > 0. Consider the reduced system that consists only of links 7 (p) < e forall (j,7) with Ry, =1
in L, and denote all variables in the reduced system,lfy j, These are mild assumptions. Concavity and monotonicity of
etc. Then, sincg;(p) = ¢, for everyl € L, we havej(p) = ¢.  utility functions are often assumed in network pricing for
Let the Jacobian for the reduced systemlbg) = 94(p)/9p. elastic traffic. The assumption om; preserves the relative

Then order of prices and maps zero price to zero effective price.
i Assumption A2 says that when is high enough, then every
T 73027 (B) (p\T OV (D) : :
J = R’ 8 ]
(p) Z 93 ( ) o (8) source going through link has a rate less than
where IIl. EXISTENCE OF EQUILIBRIUM
‘ 1 In this section, we prove the existence of network equi-
or? dia 02U ) librium. We start with a lemma that bounds the equilibrium
oG g a(z?)? prices.
O o Lemma 1. Suppose Al and A2 hold. Given a network
e dlag< af) (10) (e,m, R,U), there is a scalarp,,.x that upper bounds any
p P equilibrium pricep, i.e., pi < pmax for all .

and all the partial derivatives are evaluated at the generic potbof. Choosee = min; ¢;/N, and letp,.. be the corre-
P- sponding scalar in A2. Suppose that there exists an equilibrium
pricep and a linkl, such thatp; > pnax. A2 implies that the

C. Current theory-J — 1 aggregate equilibrium rate at linksatisfies

J J —
In this subsection, we briefly review the current theory ZZRh ;(p) < Ne= min. ¢

for the case where there is only one protocol, i.£.= 1
and explain why it cannot be directly applied to the case dherefore, we get a link witly; > 0 but not fully utilized. It
heterogeneous protocols. contradicts the equilibrium condition (6). O



The following theorem asserts the existence of equilibriuf, = p;, for k£ # [ is also a Nash equilibrium that maximizes
for a multi-protocol network. hi(pg,p—g) for k=1,... L.

Theorem 2. Suppose Al and A2 hold. There exists an equi-Thus we have proved that, for=1,..., L,

librium price p* for any network(c, m, R, U). PiE(pEpt,) = 0, Fi(pf,pt,) < 0, p*>0
Proof. Let p.,.x be the scalar upper bound in Lemma 1. For

any p € [0, pmax|, define a vector function which is (6). =
F(p) := Rx(p) — ¢ (13)
. V. LOCAL UNIQUENESS OF EQUILIBRIUM
For any linkl, let Q Q
T Theorem 2 guarantees the existence of network equilibrium.
p—i = (P11, Pis1-PL) We now study its uniqueness properties.
Then we may writeF'(p) as F(p;, p_;). Define functioni, In a single-protocol network, if the routing matrix has full
as row rank, then there is a unique active constraint/seind a
) unique equilibrium pricep associated with it [20]. IfR does
hi(pi,p—1) == —F7(pi,p-1) (14) ' not have full row rank, then equilibrium pricgsmay be non-

We claim thath, (p;, p_;) is a quasi-concave function jn for unigue but the equilibrium rates(p) are still unique since the
any fixedp_;. By the definition of quasi-concavity in [21], we utility functions are strictly concave. This also implies that the

only need to check that the set set of links! with y;(p) = ¢; is the same for any equilibrium
price p, though the active constraint sets whege> 0 may
Ay = {p | lp,p)>al not be unique.

In contrast, the active constraint set in a multi-protocol
network can be non-uniqgue even R has full row rank.
Clearly, the equilibrium prices associated with different active

A = { i ‘ —\/m < Fi(pi,p—1) < \/H} constraint sets are different. Moreover, there can be multiple
equilibrium prices associated with the same active constraint
Since Fy(pi,p—1) is a non-increasing function ip, for any set, as we prove below.
fixed p_;, the setA, is convex. Thereforé, (p;,p—;) is quasi-  \we start with two examples of multiple equilibria. Example
concave Inp;. 1 has a unique active constraint set, and yet it exhibits

Since [0, pmax] Is @ nonempty compact convex set, byncountably many equilibria. This example is the basis for
the theorem of Nash [21], the quasi-concavity/ofp;,p—1) other examples in this paper. Example 2 has multiple active
guarantees that there existpa€ [0, pmax]” such that for all constraint sets but there is a unique (but different) equilibrium

is convex for alla € R. If a > 0, clearly A; = 0 by (14).
Whena < 0, the set4; can be rewritten as

le{l,2..L} associated with each active constraint set. We then introduce
pr = arg max Tu(p,pt,) regular networks whose equilibrium prices are locally unique
P1E[0,Pmax] and characterize them.

We now argue that, for all, either 1) F;(p*) = 0, or 2)
Fi(p*) < 0 and we can take; = 0. These conditions imply o Tyo examples of multiple equilibria
(6), and hence* is an equilibrium price. ) ] ]
Case 1: F(0,p*,) > 0. Since U7 is strictly concave Example 1: unique active constraint set but uncountably
Ey(pi,p*,) is non-increasingin [0, pmax]. Moreover, the proof Many "jqu'“b”a
of Lemma 1 Shows thaF) (pmax, p*,) < 0. Therefore, there In this example, we assume all the sources use the same
exists a pointy; in [0, pmax] Where Fy(p;, p*,) = 0. This p;  Utility function defined as
maximizesh; (p;, p* ;). 1

Case 2:F(0,p*,) < 0. Since Fy(p;, p* ;) is a non-increasing Ul (z]) = —3 (1 - 1‘3) (15)
function inp;, we have that ‘
. Then the equilibrium rates’ of type j sources are determined
Fi(pi,pZy) < 0 for all p; € [0, pmax] by the equilibrium priceg as
If —c; < Fi(0,p;) <0, thenFy(p;, p*;) and by (pi, p*;) are ) = 1— (R)Tmi(p)

strictly decreasing ip; and hence

_ N where 1 is a vector of appropriate dimension whose entries
p; =arg max fy(p,pZ;) =0 . . : T
PIE[0,Pmax] are all 1s. We use linear price mapping functions:

Otherwise we haver;(0,p*;) = —¢ from (13). In this mi(p) = Kip

situation, all =/ going through link! are zero, and hence 4

we can sep; = 0 without affecting any other prices. Morewhere K7 are L x L diagonal matrices. Then the equilibrium
precisely, a (possibly) new price vectgrwith 5; = 0 and rate vector of typg/ sources can be expressed as

YFy(p1, p*,) is strictly decreasing unless somg(p) becomes zero. xl p) = 1- (Rj)Tij



When only links with strictly positive equilibrium prices areThe corresponding rates are
included in the model, we have

o xy = 3/4 + 2¢
y(p) = ZRW(IJ) = ¢

22 =122 =1/8— 3¢ T3 = 4e

All capacity constraints are tight with these rates. Since there
is an one-link flow at every link, the active constraint set

is unique and contains every link. Yet there are uncountably
many equilibria. O

Substituting inz7 (p) yields

Y RI(R)'Kp = Y Ril-c
] J

J

which is a linear equation ip for given R7, K7, andec. It has _ . , ) )
a unique solution if the determinant is nonzero, but has no b¥@mple 2: multiple active constraint sets each with a

multiple solutions if unique equilibrium _ o _
Consider the symmetric network in Figure 2 with 3 flows.
det (Z Ri(Ri)TKi> =0
7 1 1

There are two protocols in the network with the following
. . X X
When J = 1, i.e., when there is only one protocol
and R (which is the same a®' here) has full row rank, \X/
det(RY(RY)TK') > 0 since both R*(RY)T and K! are
positive definite. In this case, there is a unique equilibrium
price vector.
When J = 2, there are networks whose determinants are X
zero that have uncountably many equilibria. See Example 5 in
the Appendix for one wheré& does not have full row rank.

We provide here an example with = 3 where R still has

Fig. 2. Example 2: two active constraint sets.

full row rank. o _ . _routing matrices
The network is shown in Figure 1 with three unit-capacity
links, ¢; = 1. There are three different protocols with the

Fig. 1. Example 1: uncountably many equilibria.

corresponding routing matrices

1 10
0 1 1

The linear mapping functions are given by
K'=1, K?=diag5,1,5), K?®=diagl,3,1)

T
R'=1, RQ:[ } , RP=(1,1,1)T

It is easy to calculate that
5 741
> R(RY'K' = |6 6 6
1 4 7

=1

1 0
R'=|1 1|, R=(,1,17T
0 1

Flows (1,1) and(1,2) have identical utility function/! and
source rater!, and flow (2, 1) has a utility functionU?> and
source rater?.

Links 1 and 3 both have capacity and price mapping
functionsmi(p) = p andm?(p) for protocols 1 and 2 respec-
tively. Link 2 has capacity, and price mapping functions
mj(p) = p andms(p).

The following theorem provides a sufficient condition for
multiple equilibria [25].

Theorem 3. Suppose assumption Al holds. The network
shown in Figure 2 has two equilibria provided:
1) c1 < cg < 2¢q; ‘
2) for j =1,2, (U/)(27) — p’ possiblyoo, if and only if
xd — 0.
3) for il =1,2, m?(p)) — p*> asp, — p', and satisfy

2m3((UY) (c2 — c1)) < (U?) (21 — c2)
< m3((UY) (e2 — e1))
Proof: We first claim that, ifc; < co and (U?)'(2¢; — ¢o) >

2m3((UY) (e2 —c1)), then there is an equilibrium point where
only links 1 and 3 are saturated and link 2 is not. In this case

which has determinant 0. Using the utility function definethe equilibrium price for link 2 igp2 = 0 and, by symmetry,
in (15), we can check that all the following are equilibriunthose for links 1 and 3 are boihy. Such an equilibrium, if
prices exists, is defined by the following equations:

U (@) =p1 (U (%) =2mi(p1)
x1+x2:cl 2x1+x2<62

pi = p3=1/8+¢
py = 1/4—2¢ where ec[0,1/24]



Eliminating 22 andp;, the above equations are reduced to: By the inverse function theorem, the solution of (20), and
hence the equilibrium pricg*, is locally uniqueif the Jacobian

24/ N _ 2/ 771N/l L
U (er—= 3 = 2mi((U7)'(@)) (16) matrix J(p*) = 94/0p is nonsingular ap*. We call a network
< c-a (A7) (¢,m,R,U) regular if all its equilibrium prices are locally

An equilibrium exists if and only if (16)—(17) has a nonnega<"'dueé.

tive solution forz!. We now show that (16)—(17) indeed admits The next result shows that almost all networks are regular,

a unique solution* > 0 under the hypothesis of the theorem@nd that regular networks have finitely many equilibrium

Whenz! = 0, we have prices. This justifies restricting our attention to regular net-

works.
U2 / _ 1y — U2 / < =2 < 272 =9 2 Ul / 0
(U (er =) = U7 (er) <P < 2P mi((U7)'(0)) Theorem 4. Suppose assumptions Al and A2 hold. Given any

The inequality and the last equality have made multiple use @fice mapping functionsn, any routing matrixR and utility
conditions 2 and 3 of the theorem. On the other hand, whéimctionsU,

wt = cy—cp, we have(U?)'(2c1 —c2) > QW%((Ul)'_(@—Cl_))/ 1) the set of link capacities for which not all equilibrium

by condition 3. Since all functions here are continudis)) prices are locally unique has Lebesgue measure zero in
are strictly decreasing, and? are strictly increasing, there %i ]

exists a uniqué < a* <cp—cp such thatl(U?)'(c1 —2*) = 2) the number of equilibria for a regular network
2mi((UY)' (7). (c,m, R,U) is finite.

We next claim that, ife; < 2¢; and (U?)'(2¢; — ¢2) < _ _ _
m3((U') (c2 — ¢1)), then there is an equilibrium point where FOr the rest of this subsection, we narrow our attention to

only link 2 is saturated and links 1 and 3 are not. In this café€tworks that satisfy an additional assumption:
p1 = p3 = 0, and the following equations determine such aA3: Every link [ has a single-link flow (j,7) with

equilibrium: (Uf)/ (c1) > 0.
(UY(@@")y=ps (U (2*) =m3(p2) Assumption A3 says that when the price of links small
st a? <o 2 + 2% = ¢y enpugh, the aggrega‘ge rate throygh it vyill e>.<ceed its capaqity.
S o - It implies that the active constraint set is unique and contains
Eliminating > andps, the equilibrium is specified by every link. Hence all results below that need A3 can be
(U2 (2 —221) = m2((UYY (zY) (18) interpreted as with respect to a fixed active constraint set.
1 2 Since all the equilibria of a regular network have nonsingu-
Tz A (19)  jar Jacobian matrices, we can define théex I(p) of p € £
Whenz! = ¢y — ¢1, we have as
U2Y (¢ — 221) = (U2Y(2¢1 — o) < m2(ULY (& _ 1 if det (J(p)) >0
(U2 (2 = 20) = (U?)' (261 = e2) < m3((U")(2)) 1(p) { D1 it <0

by condition 3. Whenr! = ¢,/2,

(U?)(e2 = 227) = (U?)(0) = P* > m3((U) () Theorem 5. Suppose assumptions A1-A3 hold. Given any
where we have used conditions 2 and 3. Hence, again, thereegular network, we have
a uniquez* that satisfies (18)—(19). Moreover, from (17) and I
(19), the two equilibria are distinct. O Z I(p) = (=1)

We have

pEE
Remark: TCP Reno,'which reacts to loss pro.b'ability, f”m%hereL is the number of links.
TCP Vegas/FAST, which reacts to delay, have utility functions _ _ .
that satisfy the conditions in the theorem. Two equilibria have Here, we give an important consequence of this theorem.
been demonstrated experimentally using TCP Reno and Tépother implication to global uniqueness will be shown in

Vegas/FAST in [25] for this example. Section V-A.
Corollary 6. Suppose assumptions A1-A3 hold. A regular
B. Regular networks network has an odd number of equilibria.

Examples 1 and 2 show that global uniqueness is generglly ot since bothI(p) and (—1)° are odd, the number of
not guaranteed in a multi-protocol network. We now shoWerms in the summation in Theorem 5 must be odd. [
however, that local uniqueness is basically a generic property

of the equilibrium set. We present our main results on the Notice that Corollary 6 implies the existence of equilibrium.

structure of the equilibrium set here, and the proofs in thdthough we proved this in Section Il in a more general

next subsection. setting, this simple corollary shows the power of Theorem
Consider an equilibrium price* € E. Recall the active 5.

constraint set’. defined byp*. The equilibrium pricep* for

the links in 7. is a solution of Example 3: illustration of Theorem 5 and Corollary 6

We revisit Example 1 with modified utility functions. Recall
9(p) = ¢ (20) that in Example 1, as varies from O tol /24, we trace out all



TABLE |

—_ . 11 ' '
equilibrium points. The componentg and ¢} = p} of these EXAMPLE 3: a AND /.

equilibrium points are shown by the (red) solid line in Figure 3.
Other sources:! and their effective end-to-end price$ also

; o, I ; Fi J 7

lie on similar straight lines. Since the network has uncountably e T gégz

many equilibrium points, it is not regular, To make it regular, x% 4.0285 | 0.0803

suppose we change the utility functions of sour¢gs) to o3 5.6851 | 0.0592

a7 | 0.0322] 08389

S I i\1=ad 11 _ AdY i o T 0.0322 | 0.8389

U (27,0 = Bi(w) o /(1 —oq) 1oy #£1 o3 | 0.0963 | 0.7041
B log x] if ol =1

with appropriately chosen positive constanfsand 3. These

utility functions can be viewed as a weighted version of tHiere is at least one additional equilibrium. Numerical search
a-faimess utility functions proposed in [20]. indeed located a third equilibrium withp{ = 0.142, p} =

The basic idea of how to choos€ and 3/ to generate 0.206). . I
only finitely many equilibrium points is as follows. First, we Ve further check the local stability of these three equilibria
pick two points in the equilibrium set of Example 1, Say’mder the gradient algorithm (23) to be introduced in Section
the points associated with = 0.01 and e = 0.04. These IV-C. The eigenvalues and index for each equilibrium are

choices ofe provide two distinct equilibrium pointéz, =) and  Shown iln Table II. It turns out that the equilibriunp;( =
(4, %). For instance (¢}, ) = (0.135,0.865) corresponds 0-142, p; = 0.206) is not stable and has index 1, while the
to e = 0.01 and (¢},#!) = (0.165,0.835) corresponds to Other two are stable with index1. The dynamics of this

e = 0.04, as illustrated in Figure 3. Then, for each source
TABLE II

o EXAMPLE 3: STABILITY AND INDICES OF EQUILIBRIA.
1

1_nl,La
X1=(B;/ay) %

Equilibria (p1, p2, p3) Eigenvalues Index
(0.135,0.23,0.135) | —0.21, —17.43,—26.73 | —1
(0.142,0.206,0.142) 0.21, —12.32, —22.40 1
N (0.165,0.17,0.165) —12.41,—-1.67,—0.67 -1

(0.1350.865) network under the gradient algorithm can be illustrated by a

vector filed. By symmetry, the equilibrium prices for the first

and third link are always same. Therefore, we can draw the

(0.165,0.835) , i .

/ vector field restricted on the plang = ps3 to illustrate the
system dynamics. The phase portrait is shown in Figure 4. The
(red) dots represent the three equilibria. Note the equilibrium

ST | in the middle is a saddle point, and therefore unstable. The

P (red) arrows give the direction of this vector field. Individual
i AN trajectories are plotted with slim (blue) lines.

78] ===

) e e

1/8 1/6 h

Fig. 3. Example 3: construction of multiple isolated equilibria.

(j.i), find o/ and B/ such that (4) is satisfied by the two
equilibrium points(¢],z]) and (¢, Z]) with the new utility
functions. This is illustrated in Figure 3 where relation (4) with
the new utility function is represented by the (blue) curve, and
«l, 5] are chosen so that the curve passes through the original
equilibrium points(z1, ¢} ) and(g, ). More specifically, given
two equilibrium points(¢/, ) and (¢}, ), choose

o - los(q) —log(q;)
log(#}) — log(})

(]
. . N o)
5 = o ()

The resultinga{ andﬂf for all flows (4, 7) are shown in Table Py
l.

0.15

By construction, bothy = 0.135,p} = 0.230) and ! = 9 Example 3 vector field of{, ps).

0.165,p3 = 0.170) are network equilibria. By Corollary 6,



C. Proofs and intuitions Let G = [Pumin, Pmax)” Where py,., is defined in Lemma 1.
In this subsection we provide proofs for the results on loc&i€ary. all equilibria are in the sek. To prove our result,
uniqueness. we will invoke a version of the Poincare-Hopf Index Theorem

tailored to our problem [27], [18].

Proof of Theorem 4. The main mathematical tool used in

our proof is Sard’s Theorem [4], [24], of which we quotADOincare—LHoprQdex Theorem.Let D be an open subset &f
a version here that is tailored to our problem. Ietbe an andv : D — %" be a smooth vector field, with nonsingular

open subset o&%ﬁ and letF" be a continuously differentiable ‘JafOb'ar? T:am)a”/ap a_lt cevery eqUIllb_rlum. (;f tff1ere s é;*]g
function from G to RE. A pointy € G is acritical point of 1 Such that every trajectory moves inward of reg@nthen

F if the Jacobian matri¥)F/dy of F aty is singular. A point 1€ Sum of the indices of the equilibria @ is (—1)".

z € RY is acritical value of F if there is a critical point Gradient project algorithm. To construct the vector field
y € G with z = F(y). A point in R} is aregular value ofF"  required by the index theorem, I&% = G and consider the
if it is not a critical value. following gradient algorithm from& to G proposed in [13].

Sard’s theorem.If F : G — R is continuously differentiable The prices are updated at timeccording to

on the open subse&t C §R£ then the set of critical values of p(t) = A(Rz(t)—c) (21)

F has Lebesgue measure zeraRf. _ _ _
where A > 0 is an L x L diagonal matrix whose elements

Fix a routing matrixk and utility functionsU. There are represent stepsizes. A source updates its rate based on the
at most2” — 1 different active constraint sets. Lét C L end-to-end price
be such a combination witlh links. Consider the set of all
possible link capacities = (¢;,/ € L) under which the active a(t) = x(pt)) (22)
constraint set isL, i.e., with such a capacity vecta, an A consequence of assumption A3 is thét) > puin > 0 for
equilibrium pricep hasp, > 0 if I € L andp; = 0 otherwise. g ¢ under the gradient algorithm (21)—(22). This guarantees a
Fix such an equilibrium poinp*. Again letp denote the price ynique active constraint set thatlis Hence the equilibrium set
vector only for links inL. Thenp* is not locally unique if £ defined in (7) is equivalent t& = {p € RL | y(p)—c = 0}.
the functiong : ®% — R% defined byj(p) = Rx(p) has @ Combining (21)-(22) withy(p(t)) = Rz(t) yields the
singular Jacobian matrirg/dp at p*, i.e., if p* is a critical required vector field:
point of . The set of such capacity vectotsc %i under

which all links in L have active constraints in equilibrium pt) = Aly(p(t)) —c) = v(p(t)) (23)
satisfy whose Jacobian matrix is:
e dv(p) dy(p)
g(p*) =¢ — _ AYP)
op AJ(p) A ap (24)

and hence are critical values gf Sincey is continuously whereJ(p) is given by (8). Clearlyp* is an equilibrium point
differentiable by assumption A1, we can apply Sard’s theore(r)? e p( *)g_ 0 if);nd 'Onl if )’/‘pis a netwgrk e uiIibEium
and conclude that the set of such capacity vectonas zero . Uy eSO ) = U y1lp q '

Lebesgue measure mi. The extension téR% for all link e.,p" € E. Since the networke, m, R, U) is regularJ(p) is

e . nonsingular at every network equilibriupg¥ € £ C G. Since
capacities clearly also has zero Lebesgue measwfékln . - . . . .
A is a positive diagonal matrixjv(p)/dp is also nonsingular

Since we only have a finite number of different activ% (24) at all its equilibrium pointy in G, as the index
constraint sets, the union of link capacity vectors that gi\{ eorem requires '

:;Seeaéarcleoc'?::iys n?g:gs'qtl;; E?sl:mk;rl?o?t;lrzeh;segf;% Lebesgue Consider any poinp on the boundary o&;. For anyl, we
' P P ) have one of two cases:

The equilibrium setE defined in (7) is closed because 1 If B link 1 will b d ilized
y(p) is continuous, and is bounded by Lemma 1. Heiite ) pl(tc)j,_pmgx’ n d'WI ezusn erutilized,y; (p(t)) <
is compact. Sincgec,m,R,U) is a regular network, every ¢, andp, < 0 according to (23). L
2) If pi(t) = pmin, the aggregate rate at linkwill exceed

p € FE is locally unique, i.e., for eachh € F we can find : i
an open neighborhood such that it is the only equilibrium in ¢ %1(P(t)) > ci, andp, > 0 according to (23).

that open set. The union of these open sets forms a covéerefore, every poinp on the boundary ofz will move
for set E. Since E is compact, it admits a finite subcovernward. Hence our result directly follows from the Poincare-

[15], i.e., E can be covered by a finite number of open setdopf index theorem. O
each containing a single equilibrium. Hence, the number of
equilibria is finite. O V. SUFFICIENT CONDITIONS FOR GLOBAL UNIQUENESS

The exact condition under which network equilibrium is
globally unique is generally hard to prove. This section
provides four sufficient conditions for global uniqueness. The
first condition relates local stability of the equilibria to their
ZZR{ixg(p) > ¢ uniqueness. The second condition generalizes the full rank
PR condition of R from single-protocol network to multi-protocol

Proof of Theorem 5.By assumption A3, we can always find
Pmin > 0 such that for any price and link ! with p; < puin,
we have



network. The third condition guarantees uniqueness when e Second condition: negative definiteness (g

price mapping functions are linear and link-independent. The|, 5 single-protocol network, for the equilibrium price to
final condition implies global uniqueness of linear networksyq unique, it is sufficient that the routing matrix has full

row rank. Otherwise, only the source rates are unique, not

A. First condition: local stability and global uniqueness necessarily the link prices. In a multi-protocol network, this
is no longer sufficient. We now provide another sufficient

Recall that under assumption A3, we can assume WithQilf, yition that plays the same role in a multi-protocol network

loss of generality thaf. is the unique active constraint sels the rank condition o does in a single-protocol network
that contains all links. We say an equilibriupi € E locally (see also the remark after Theorem 9).

stableif the corresponding Jacobian matidXp*) defined in Let f = (fi,..., f») be a vector of real-valued functions
(8) is stable, that is, every eigenvalue 3b") = 9y(p*)/9p  yefined onk. Let & :— {z € R"|f(z) = 0} and cd7 be its
has negative real part. Hence a locally stapfeis also convex hull. Define a sef (G) of vectors as
locally unique, but the converse may not hold. To justify
this definition, take the matrix\ in the gradient algorithm V(G) := {vjv = ¢ — ¢ for ¢, ¢ € coG} (26)
23) to beAl. Then the linearized system igp( denotes the :
éerzurbation aroung*): y i as a function of the sef.

Lemma 8. If for every z € coG, the Jacobian matriX(z) =

p = Np*)dp (29) 0f(2)/0z exists andvTJ(z)v < 0 for all v € V(G), thenG

Since A > 0 is a scalar, the real part of the eigenvalues GPNtAINS at most one point.
AJ(p") has the same sign as that of the eigenvalueX(pf). Proof. For the sake of contradiction, assume there are two
Hence the local asymptotic stability of* implies that the distinct points¢ and+ in G such thatf(¢) = f(») = 0. Let
gradient algorithm (23) converges locally 6.

g(0) := ¢+ 0(¢p — ¢) wheref € [0, 1]

Theorem 7. Suppose assumptions A1-A3 hold. If all equilib-
ria have index(—1)~, then E contains exactly one point. In Then

particular, if all equilibria are locally stable, ther® contains df(g9(0)) B
exactly one point. a0 = 0)—= = 3g(0) (¥ — ¢)

Proof: The first claim of the theorem directly follows fromHence,

Theorem 5. We now claim that an equilibriupi € F which 1

is locally stable has an index(p*) of (—1)-. To prove fh) = 1(¢) :/ I(9(0) (¥ — ¢)db
the claim, consider a locally stable equilibrium prige All 0

the eigenvalues af(p*) have negative real parts. MoreoverMultiplying both sides by(y) — ¢)” yields

since J(p*) has real entries, complex eigenvalues come in _NT - _
conjugate pairs. The determinant &fp*) is the product of 1 W =9) (J(¥) = f(¢))

all its eigenvalues. If there arke conjugate pairs of complex / (W — )T I(g(0)) (v — ¢)db
eigenvalues and. — 2k real eigenvalues, the product of all 0

eigenvalues has the same sign (asl)*~2* which has the The left hand-side of the above equation0jsand the right-
same sign ag—1)~. Hence the index of a locally stablehand side is negative under the assumption of the theorem.
equilibrium is (—1)~. 0  This contradiction proves the theorem. O

This result may seem surprising on the first sight as it relatesLet f = y, and letG = FE be the set of network equilibria.
the local stability of an algorithm to the uniqueness property @hen Lemma 8, together with Theorem 2, provides a sufficient
a network. This is because both equilibrium and local stabiliyondition for global uniqueness of network equilibrium.
are defined in terms of the functiop(p): an equilibrium
p* satisfiesy(p*) = ¢ and the local asymptotic stability
of p* Is determmgd Q}Oy(p )/Op. The connection between xists andv? J(p)v < 0 for all v € V(E), then there exists a
these two properties is made exact by the index theorem. . oo
implication of this result is that if there are multiple equilibria,g Obally unique network equilibrium.
then no algorithmp = f(p(¢)), whose linearization around In the single-protocol case, a similar result has been ob-
each equilibriump* € E satisfiesdf(p*)/dp = dy(p*)/0p, tained in [20]. However, for that case, the Jacobian matrix is
can ever be found to locally stabilize all of the equilibrianegative definite whe® has full row rank. Then the condition
Conversely, if we can find a region that contaifisand such in Theorem 9 always holds and the equilibrium is unique. In
an algorithm such that i) all boundary points of that regiothe multi-protocol case, the Jacobian matrix is in general not
move inwards, and ii) the algorithm locally stabilizes angymmetric and hence not negative definite. Therefdteving
equilibrium, then there is exactly one network equilibrium. full row rank is no longer sufficient for the condition in the

Local stability can be checked in several ways. For examptaégorem to hold.
if the Jacobian matrix is diagonal dominant at an equilibrium, Since we do not know the equilibrium sgt the condition
then the equilibrium is locally stable. in the theorem cannot be directly applied to prove global

Theorem 9. Suppose assumptions A1-A3 hold. If for every
price vectorp € coE, the Jacobian matrix(p) defined in (8)
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uniqueness. To use the theorem, however, it is sufficient e claim thatV (E) C V. To show this, note that @ C E
find a convex supersel of E and a superset of V(E) since cd is the smallest convex set that contaifis Hence
such that” J(p)v < 0 for all p € E andv € V. This implies V(E) C V(FE). Sincep; = ps at equilibrium,v; = vz holds
the condition in Theorem 9 and hence global uniqueness. Wée anywv € V (E) from the definition ofF. Hence,V (E) C V
illustrate this procedure in the next example. and thereford/ (E) C V.

We now check that” J(p)v < 0 for all p € E andv € V.

Example 4: application of Theorem 9 to verify global Foranyv € V,v"J(p)uv is the following quadratic form in

unigueness andvs:
Wg visit Example 1 for.the third time but usidgg utility TIpw = v2(Ji1 + Jas + Jis + J1) +
functions for all sources, i.e., 9
o ‘ 0102 (J12 + J21 + Joz + J32) + vy a0
U/ (x)) = log(z?) forall (5,4 27 . . .
i (27) = log(z7) (,2) @7) If v; andv, have the same signs, then singg are all negative
Let the Jacobian matrix be from Table Ill,v7J(p)v < 0. If v; andwv, have opposite sign,
- " T .
Ji1 Jis Jis then a sufficient condition fov* J(p)v < 0 is
‘](p) = Jor Jao o Jos (Ju + Jo1 + Joz + J32)2 < 4J22(J11 + J33+ Jiz3 + J31)
J31 Jz2 Js3

) . ) Using Table I, it is easy to check that the maximum value
whereJy; = Jy(p) are functions of pricep given by (8). For ¢ (Jro + Jo1 + Jaz + J32)2 — AJas(J11 + J33 + Ji3 + J31) iS

example —0.2895. Therefore we have found a supergeif coE and
Jo = 1 5 1 a superset/ of V(E) such thatv”J(p)v < 0 for all p € E
U Bpr+p2)? (p1+ps + 3p2)? and allv € V. This implies the condition of Theorem 9 and

. . . hence the global uniqueness of network equilibrium. O
It can be seen thal(p) is not negative definite for general g g g

unlike in the single-protocol case. Even thougjfcan be hard

to find, we demonstrate how to find a simple convex supersst

E of E and a simple supersét of V(E).
Consider the convex set

Third condition: linear link-independent’

When the price mapping functions are linear and link-
R independent, i.e.m](p;) = kip, for some scalak? > 0,
E = {pe %i | 1<p1=p3<2, 1<py <2} it is easy to show that we have an unusual situation in the
theory of heterogeneous protocols where the equilibrium rate

We claim thatE C E. To see this, lep be an equilibrium vectorz solves the following concave maximization problem

price. If p; < 1, thenz} = 1/p; will exceed the link capacity o
1, and hence; > 1. A similar argument givep, > 1. To see maxz KU} (x]) s.t.tRe < ¢
p1 < 2, assume it is not true. Then T

b= 1/p < 1/2 Therefore, such a network always has a globally unique
2 1 /(5pr 4 p) < 1/11 equilibrium whenU? are strictly concave.

x; - P17 P2 Here we provide another proof using Theorem 9.

7 = 1/(2p1+3p2) < 1/7

Theorem 10. Suppose assumptions A1-A3 hold aRdhas
Summing them yields:{ + z{ + z} < 1. Hence the network full row rank. If for all j and I, m!(p)) = k’p, for some
is not in equilibrium, contradicting that is an equilibrium scalar k7 > 0, then there is a unique network equilibrium .
price. Hencep; < 2. The argument fop, < 2 is similar.
Using the definition off, we can bound allly; (p) for p €
E. The results are collected in Table II1.

Proof. We prove this by showing that the Jacobian matrix
J(p) defined in (8) is negative definite over all> 0. Then
the result follows from Theorem 9.

TABLE Il Under the assumptions of the theoreky) can be simpli-
EXAMPLE 4: BOUNDS ON ELEMENTS OFJ(p) fied into (from (8)—(10))
i iy T O ()
Elements| Upperbound| Lowerbound J — RIDJ RJ T
Ji1 —0.2947 —1.1789 (p) Z () ( ) Op
Joz —0.2939 —1.1756 J .
Ja3 —0.2947 —1.1789 — i pipi J
J23 —0.0447 | —0.1789 - Zk R'D(p) (R)
Js2 —0.0369 —0.1478 J
J —0.0369 —0.1478 , , . i .
Ji —0.0447 —0.1789 where D7 (p) = 92’ (p)/9¢’. SinceU; are strictly concave,
Ji3 —0.0100 —0.0400 D (p) is a strictly negative diagonal matrix for gil > 0.
Ja1 —0.0100 | —0.0400 Now, .J(p) is symmetric. Moreover, sinc& has full row rank,

RRT is positive definite, i.e., for any nonzero vectoe R”,

Let o . .
¢ ZUTRJ(RJ)TU = Z((R])TU)T(RJ)TU >0

<t
|

{veR | vy =v3} j



Then there exists at least onesuch thatp’ := (R7)Tv is
nonzero. Without lose of generality, assume ifjis- 1. Then

v I(pv = UTijRij(p)(Rj)Tv

Z k()" DY (p)ry?
k(") D' (p)n't < 0

where the first inequality follows from the fact thav (p) is
negative definite. Henc&(p) is negative definite. O

IN

D. Fourth condition: linear networks

11

By combining the results above, we obtain

L+1 ;
C o mOm
Jj i pINT

N RIDI(RY) =

j=1
L . .

D CRCORE
1

—diag$;) - 14"

By the following Lemma, all the eigenvalues of above matrix
have negative real parts. Therefore, there must be a unique
equilibrium by Theorem 7.

O

We now apply Theorem 7 to prove global uniqueness éfMma 12. Suppose thai3 is a positive definite diagonal
linear networks. Consider the classic line network shown matr'X,Tandv is a positive vector, then the eigenvalues of
Figure 5. There aré links andZ + 1 flows. Suppose without B + 17" have positive real parts.

XLH Proof: See Appendix VII-B. 0
) Remarks:
1) The above result can be generalized to include more

® ——9 ¢ o o o———0

E
FOT T

Fig. 5. Corollary 11: line network.

2)

loss of generality that every flow uses a different protocol.
This implies thatD’(p) = dz;(p)/dq¢’ is a negative scalar
under assumption Al. Denote kY a L x 1 vector with1 in

the jth entry and) elsewhere, and a L x 1 vector with1 in
every entry. Thenk/ = ¢/ for j =1...L, and RE+! = 1.

than one multi-hop flows, provided they all belong to
the same typd. + 1 and the sets of links they traverse
are nested, i.e(zl™) D L(zk™) D ... D L(zLt))
for n. multi-hop flows.

Theorem 7 also implies the global uniqueness of equi-
librium for any network in which no flow passes through
more than 2 links in the active constraint set, when Al—
A3 hold. In this case, the Jacobian matiifp) is strictly
diagonally dominant with negative diagonal entries, and
hence its determinant is-1)~. As a consequence, we
need at least a three-link network to have multiple
equilibria if A1-A3 are satisfied.

Theorem 11. Suppose assumptions A1-A2 hold. The Iinear3

network in Figure 5 has a unique equilibrium. ) If A3 is violated, then there are two-link networks that

have multiple equilibria; see Example 5 in Appendix
VII-A with two links and two protocols. Since uni-
protocol network always has a unique equilibrium, this
is a “smallest” network with non-unique equilibria.

Proof. Take A = I in the gradient algorithm (23). We will
prove that all the eigenvalues of the Jacobian matrix

W) = ;ijj<p><m>ﬁ”g;fp>

H ) | for all his imolies th I VI. CONCLUSION
ave negative real part for > 0. This implies that a . .
equilibria are locally stable. By Theorem 7 there must be aWhen sources sharing the same network react to different

unique equilibrium. pricing _si_gn_als, the curre_nt duality model no Ionggr explains
In the network shown in Figure 5, for=1... L, the equmbngm of bandvy|dth allocation. Wt_a_hgve mtroducc_ed
) a mathematical formulation of network equilibrium for multi-
7 0m (p) omj(p) T protocol networks and studied several fundamental properties,
dp p; (e?) such as existence, local uniqueness, number of equilibria, and
Since Di(p) is a negative scalar, we can define a positiv%lObal uniqueness. We prove that equilibria exist, and are
numberg; such that:

(R7)
almost always locally unique. The number of equilibria is
almost always finite, must be odd when they are associated

with the same active constraint set. We provide four sufficient
conditions for global uniqueness.

T om7 (p)
Op

Forj = L+ 1, am’(p)/0p is & positive definite diagonal acknowledgments: We thank Kim Border and John Ledyard
matrix. Recall thatD’(p) is a scalar. Assume that théh o caltech, and Ramesh Johari of Stanford for useful dis-
diagonal entry of matrixD’ (p)dm’ (p) /dp is —;. Denote by ¢y ssjons, and R. Srikant of UIUC for some references. This
7 the L x 1 vectors formed fromy;. Then forj = L + 1 work is performed as part of the Caltech FAST Project sup-
om’ (p) ported by NSF, Caltech Lee Center for Advanced Networking,

o -
R D (p)(R) T op ARO, AFOSR and Cisco. We also thank the support from

RIDI(p)(R) = e (@)

= —1-1"diagly;) = —1y"
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NSF Grants CCF-0440443, CNS-0417607, CNS-0427677, aflde network topology is shown in Figure 6 with link capacities

SISL Fellowship. ¢ = [1,1]. The corresponding routing matrices for these two
REFERENCES )(i
[1] K. Arrow and F. Hahn. General Competitive AnalysisHolden-Day,
1971.
[2] T. Basar and G. OlsdeDynamic Noncooperative Game Theorgnd
Edtion, SIAM, 1999. { @ @

[3] G. Debreu.Theory of Value New York:Wiley, 1959.
[4] G. Debreu. Economies with a finite set of equilibrikconometrica
38(3): 387-392, May,1970. 2
[5] G. Debreu. Economic Theory in the Mathematical Mode. Noble X
Memorial lecture, 8 December, 1983.
[6] E. Dierker. Two Remarks on the Number of Equilibria of an Economy.
Econometrica40(5): 751-753, Sep,1972. _ . Fig. 6. Example 5: a network with 2 links and 2 protocols.
[7] E. Dierker and H. Dierker. The Local Unigueness of Equilibria.
Econometrica40(5): 867-881, Sep,1972.
[8] C. Jin, D. Wei, and S. Low. TCP FAST: motivation, architectureprmOCOIS are
algorithms, performanceProceedings of IEEE Infocom 2004 1
[9] F. Kelly, A. Maoulloo, and D. Tan. Rate control for communication Rl=R?2 = { }
networks: shadow prices, proportional fairness and stabiliywrnal of 1
the Operational Research Socigt§9:237-252,1998. . . . . j j .
[10] S. Kunniyur and R. Srikant. End-to-end congestion control: utilityVe Use linear price mapping functions (p) = K’p, j =
functions, random losses and ECN markSEE/ACM Transactions on 1,2, where K7 are2 x 2 matrices given by
Networking 11(5):689-702, Oct 2003.
[11] K.Kurata, G. Hasegawa, and M. Murata. Fairness Comparisons between K'=1, K? = diag(1, 3)
TCP Reno and TCP Vegas for Future Deployment of TCP Vegas. .
Proceedings of INET 2000 As for Example 1, we check the matrix
[12] S. Low. A Duality Model of TCP and Queue Management Algorithms. 9
IEEE/ACM Trans. on Networkindl1(4):525-536, August 2003. i T i 1 4
[13] S. Low and D. Lapsley. Optimization flow control, I: basic algorithm Z R (R ) K" = 1 4
and convergence.lEEE/ACM Transactions on Networking(6):861- i=1
874, December 1999.

[14] S. Low, F. Paganini, and J. Doyle. Internet Congestion ConteEE which has determinant 0, implying multiple equilibria. It is

Control Systems Magzin&ebruary 2002. easy to verify that the following points are all equilibria:
[15] J. Marsden and M. HoffmanElementary Classical AnalysisSecond
edition, W.H.Freeman and Company, New York 1993. p1 =€, p2=1/4—¢/2, where e €[0,1/2]
[16] A. Mas-Colell. The Theory of General Economic Equilibrium. A . .
Differentiable Approach Cambridge University Press, 1985. The corresponding rates are:
[17] A. Mas-Colell, M. Whinston and J. GreenMicroeconomic Theory 1 2
Oxford University Press, 1995. ry =3/4—€/2, ] =1/4+¢/2
[18] J. Milnor. Topology from the Differentiable ViewpoinThe University . . .
Press of Virginia, Charlottesville, 1972 The capacity constraints are all tight. O

[19] J. Mo, R. La, V. Anantharam, and J. Walrand. Analysis and Comparison
of TCP Reno and Vegad$roceedings of IEEE InfoconMarch 1999. . . .

[20] J. Mo and J. Walrand. Fair End-to-End Window-Based Congestidﬁemarks' Note that_ even Wlth_a _smgle PrOtOCOL the e_xample
Control. IEEE/ACM Transactions on Networkin@(5):556-567, Oct above has non-unique equilibrium price vectors since the

2000. routing matrix is not full rank. However, in that case, the

21] M. A. Rubinstein? i ThearyThe MIT g : : ;
[21] M. Osbore and A. Rubinsteind Course in Game Thean/The equilibrium rates are unique, unlike the case of multiple

[22] I. Pearce and J. Wise. On the Uniqueness of Competitive EquilibriurﬁfO'[OCO|S.
Part |, Unbounded Demandtconometricgd1(5): 817-828, Sep, 1973.
[23] I. Pearce and J. Wise. On the Uniqueness of Competitive Equilibriurp;
Part Il, Bounded DemandEconometricgd2(5): 921-932, Sep, 1974. B. Proof for Lemma 12
[24] S. SternbergLectures on Differential GeometryPrentice-Hall, 1964.  Proof. Suppose that\ is an eigenvalue ofB + 17T, then

[25] A. Tang, J. Wang, S. Hedge and S. Low. Equilibrium and Fairness qof L T ic of _ Q. ing
Networks Shared by TCP Reno and FAST. submitted, 2005. alaq@ )‘) +1y" is singular. IfA = §; for certaini, then,

[26] A. Tang, J. Wang and S. Low. Is fair allocation always inefficientSince3; > 0, A is positive. Otherwise the following matrix is

Proceedings of IEEE Infocom 2004 also singular
[27] H. Varian. A Third Remark on the Number of Equilibria of an Economy 1

Econometrica43(5/6):985-986, Sep-Nov,1975. I + diag () 157 (28)
[28] H. Yaiche, R. R. Mazumdar, and C. Rosenberg. A game theoretic Bi—A

framework for bandwidth allocation and pricing in broadband network: . T - .
IEEE/ACM Transactions on Networking(5), October 2000. The rank of matrix d'agl/(ﬁz —A))1y" is 1. Moreover it has
only one nonzero eigenvalue equal}o, v;/(5; — A). For the
VII. APPENDIX matrix in (28) to be singular, it must have a zero eigenvalue,

A. Smallest network with multiple equilibria and this is possible if and only if

Example 5: a two-link network with non-unique equilibria Z % = ~1
In this example, we again assume that all sources use the i ’
same utility function defined as The real part ofy;/(3; — \;) is vi(B; — Re\)/|B; — A%, If
o 1 2 Re) < 0, the sum of the real part of;/(3; — \;) cannot be
Ule) = —3 (1 - l‘f) —1. So we must haveke > 0. O



