Single Value Combinatorial Auctions and Implementation in
Undominated Strategies

Moshe Babaioff *, Ron Lavi f, and Elan Pavlov

Abstract

Single value Combinatorial Auctions (CA) are a strict generalization of single minded CA:
each player may desire any one of several different bundles, but has the same value for each
of them. Our main result provides the first polynomial time strategic mechanism for this case,
using a new notion of “algorithmic implementation in undominated strategies”. We show that
this general notion, which is an alternative to the now-standard truthfulness notion, captures
almost all the advantages of the truthfulness notion. By using it, we achieve a close-to-optimal
social welfare approximation. In addition, we give two general techniques to overcome strate-
gic behavior in two special cases: (1) For the case where player values are the only private
information (the “known” case), we provide a deterministic technique to convert algorithms to
truthful ascending mechanisms that almost preserve the original approximation ratio, and (2)
For the case where players are single minded, we provide a deterministic technique to convert
some truthful mechanisms for the known case to mechanisms in undominated strategies for the
unknown case, that preserve the original approximation ratio.
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1 Introduction

Algorithmic mechanism design [16] studies the design of algorithms under the assumption that
the inputs to the algorithm are kept by “selfish” entities (players) that aim to maximize their
own utilities. The goal is to design mechanisms! that perform well with respect to the true input,
although this true input is not publicly known. The difficulty stems from the fact that players might
mis-report their inputs in order to shift the result in their favor. The standard way of obtaining
this goal is by designing truthful mechanisms (i.e. with dominant strategies), in which a player
always maximizes his utility by simply declaring his true input, no matter what the other players
declare. This solution concept was extensively studied in the past several years, and its usefulness
for many different models was demonstrated (see e.g. [13, 3, 2, 4]).

However, the requirement for dominant strategies severely limits the family of algorithms that
can be used. Clearly, this requirement is not the real essence, but rather a tool to obtain the
underlying goal: reaching approximately optimal outcomes in the presence of selfish behavior.
The basic question that this paper explores is whether this goal can be obtained by mechanisms
that “leave in” several “reasonable” strategies for the players to choose from. As in the case of
truthfulness, the basic assumption here is that a player never chooses a dominated strategy — a
strategy is “reasonable” if and only if it is undominated. Let us be more formal about this: For a
given mechanism, let u;(s;, s—;) denote the resulting utility of player ¢ when he plays the strategy
s; and the others play s_;. A strategy s} of player i is dominated by another strategy s; if, for every
S—iy ui(Si, $—i) > u;(sh, s—;), and this inequality is strict for at least one specific s_;. A strategy is
undominated if it is not dominated by any other strategy. If exactly one strategy is undominated
then that strategy is the dominant strategy — this is exactly the case of truthful mechanisms, where
reporting the truth dominates every other strategy. In other words, being truthful is the only
undominated strategy.

While keeping the assumption that a strategy is “reasonable” if and only if it is undominated,
we relax the requirement that there must exist exactly one such strategy. Instead, our mechanisms
will admit several undominated strategies, and the algorithmic analysis will be strengthened to
show that the mechanisms perform well for any combination of these strategies. Thus, by moving
from dominant strategies to undominated strategies, we move some burden from the game theoretic
constraints on mechanism design to the algorithmic part in mechanism design:

Definition 1. A mechanism M is a feasible implementation in undominated strategies of a c-
approximation if:

e For any combination of undominated strategies, M outputs a c-approximation outcome in
polynomial time.

e A player can never end up with a negative utility when playing any undominated strategy.

e For any dominated strategy, a player can efficiently compute an undominated strateqy that
dominates it.

We argue that this concept captures all the truly important ingredients of the truthfulness
notion: As in truthfulness, the only assumption is that a player will not play a dominated strategy.
Indeed, given such a strategy, he can quickly compute an undominated strategy that guarantees at
least the same utility even in the worst-case. Second, again as in truthfulness, the approximation

' A mechanism is an algorithm coupled with a payment scheme. The utility of a player is his value of the chosen
algorithmic outcome minus the price he pays.



is achieved for any combination of strategies that rational players may choose, and in polynomial
time. Third, both notions do not require any form of coordination among the players (unlike Nash
equilibrium), or that players have any assumptions on the rationality behavior of the others (e.g.
as in “iterative deletion of dominated strategies”). We also ensure that players have no risk in
participating in the auction, as their resulting utility cannot be negative. However, one difference
should be explicitly pointed out: In our case, a player might regret his chosen strategy, realizing in
retrospect that another undominated strategy would have performed better. It is also interesting to
mention that, although implementation in undominated strategies is a well-known game-theoretic
concept, very few positive results have been achieved by using it [11]; We are not aware of any
positive results for incomplete information settings, and, in particular, we are the first to adapt it
to the context of algorithmic mechanism design and to demonstrate its usefulness.

By using this new concept, our main result provides the first polynomial time Combinatorial
Auction (CA) with a non-trivial approximation for strategic single value players. In a CA, m items
are to be partitioned among n players, where each player i has value v;(S) for every possible bundle
(subset) S of items, where v;(-) is non-decreasing and normalized?. The goal is to find a partition of
the items that maximizes the “social welfare” — the sum of true values of the bundles that players
receive. A player is single valued if for every S, v;(S) € {0,v;}, for some v; > 0. To achieve our
approximation results we further assume that v; > 1. The player’s value, v;, as well as his desired
bundles (bundles with positive value), are assumed to be private information of the player.

It is important to note two differences between this model and two other existing models. First,
the single parameter model of [3] and their conditions for truthfulness become relevant here only
under the assumption that the desired bundles are public information (the “known” case [14]).
However, for the the “unknown” case (player bundles are private information), the model of [3]
becomes incomparable, and their monotonicity conditions do not suffice for truthfulness. Indeed,
several works [14, 2, 4] have noticed that this gap is non-trivial, and were able to provide positive
results only for the “known” case. We will show that the shift to undominated strategies helps
to solve the “unknown” case. Second, this model of single value players contains single minded
players® [13], but is more rich: players may well be multi-minded, where the number of their
desired bundles is not even restricted to be constant. The point is that they assign the same value
for all these bundles. To demonstrate these differences and our results we consider as a special
case the Edge Disjoint Paths (EDP) problem: Given an underlying graph (graph edges may be
thought of as items), each player i obtains a value v; from receiving some path from a source node
s; to a target node t;. The algorithm is required to allocate edge disjoint paths as to maximize the
sum of values of players that receive a path. In this model, players are naturally single valued (a
player obtains some value from any source-target path), but are not single minded, and the natural
assumption seems to be that the source-target pair of a player is not publicly known.

CAs with single minded players were first considered by [13], who give a truthful \/m approxi-
mation, and show a lower bound of m3 =€ (assuming ZPP # NP, regardless of truthfulness). [15]
shows that any algorithm with polynomial communication cannot obtain an approximation ratio
better than m2~¢, even for single value players (again, regardless of truthfulness). [7] give a /m
approximation algorithm for general CAs, but it is not truthful. For the case where there are k > 3
copies of each item, and players have general valuations, but may desire at most one copy of each

1
item, [6] give a truthful O(k - m#*2) approximation. No positive truthfulness results are known
for general CAs, nor for CAs with single value players that do not fall into one of the above two

YT C S v (T) < vi(S) and v;(0) = 0.
3I.e. each player desires exactly one specific bundle and all bundles that contain it.



special cases. In particular, no truthful algorithm is known for the EDP case*. Our main result

demonstrates that the concept of implementation in undominated strategies can help:

Theorem. There exists a deterministic feasibe implementation in undominated strategies of an
O(10g*(Vimaz) - v/m) approzimation for Combinatorial Auctions with single value players, where
Umaz 18 the mazimal value of a player in the given input.

No a-priori knowledge of v,,4; is assumed by this mechanism. This method immediately applies
also for the EDP problem.® We show that it also applies to cases where players are only J-close to
single value (a player has different values for different bundles, and the ratio of any two values of
the same player is at most 0), resulting in an additional approximation loss of §. The underlying
construction of this auction is interesting by itself, and gives as a by-product a general technique
to obtain truthfulness (in dominant strategies) for the case of “known” single value players:

Theorem.

1. Any given c-approximation algorithm for known single minded players can be converted to a
truhtful mechanism with O(log(Vimaz) - €)-approximation.

2. Any given c-approximation algorithm for known single value players with “appropriate” oracle
access can be converted to a truhtful mechanism with O(1og?(Vmaz) - €)-approximation.

This construction is deterministic, hence the resulting mechanism is deterministic if the given
algorithm is so. If the algorithm is randomized, the resulting mechanism is strongly truthful, i.e.
truthful for any realization of the coins. This is the first deterministic technique to incorporate value
monotonicity into any given algorithm. While this method cannot improve the existing bounds for
general CAs in the “known” case, as these already obtain a /m approximation, it is fruitful for
special cases in which some further structure on the bundles is assumed, allowing to break the /m
lower bound (see e.g. [1]). No truthful algorithms for such special cases were previously known. Our
method also has the interesting property of converting the given algorithm to an ascending auction:
players compete by placing bids, and winners pay their last offer. This has a more realistic structure
than standard direct revelation mechanisms (in which each player simply reveals his value), and, in
particular, has the advantage that winners do not reveal their true values. This is the first general
construction of an ascending auction for strategic players which is “almost equivalent” to a given
c-approximation algorithm.

Our second demonstration of the power of undominated strategies involves the gap between
“known” and “unknown” single minded players. We show that switching to undominated strategies
can help maintain the same approximation:

Theorem. Given a truthful c-approzimation for known single minded players that additionaly
satisfies “certain properties”, there exists a method to construct a feasible implementation in un-
dominated strategies of a c-approrimation for unknown single minded players.

For example, this method closes an exponential gap in the approximation ratio left by [4] for the
case of auctioning rectangles in the plane. Denoting by R the ratio between the smallest width
and the largest height of any two of the given rectangles, [4] gave an O(log(R))-approximation

4[8] give a truthful algorithm for the special case when there are several copies of each edge, and, in addition, the
source-target nodes are public knowledge.

®The currently best non-truthful algorithm for EDP has an approximation ratio of O(min(|V| 3 ,v/m)) [10]. If the
graph is directed, no algorithm can obtain an approximation ratio better than Q(y/m) [10].



The Japanese Wrapper Mechanism:
Sameval
mmmmmmmmmeeeeeeee -e-v--u-e-------------.l Allocation:
E vV, i ltLethO,Wj:(Z),Lj:(Z).
i Vla W-- 2: For any player i € N let v{ = 1.
“““ ’ ALG | 3: While (W; UL; # N)
~. - 4: Wj+1 = ALG(UJ) )
E ______ V- L i 5 if U(Wj+1,1}]) < ’U(Wj, 1}‘7) then Wj+1 = Wj.
! ! 6 For any i ¢ Wj1, _
! | i chooses vg'_H = 2v] or v] =0 (retire).
""""""" o T 7 L= {i€ N/ =0}, j=+1
or drop 8: J=j
Payments:
Each winner i € W pays his reported value vy,
(*) Here, ALG captures both steps 4 and 5 of our method ‘ v
losers pay 0.

Figure 1: The Japanese Wrapper Mechanism for known single minded players

for axis-parallel rectangles which is truthful if the rectangles are public knowledge (the “known”
case), but is not truthful when the rectangles are private information (the “unknown” case). For
the latter case they were only able to provide an O(R)-approximation. We show that their log(R)
approximation satisfies the additional properties required by the above theorem, hence we obtain
an O(log(R))-approximation in undominated strategies for the “unknown” case.

The rest of the paper is organized as follows. Section 2 gives more details on the construction of
the main result: how to convert any given algorithm to a truthful mechanism for the “known” case,
and how to use this to obtain an implementation in undominated strategies for the “unknown”
case. Section 3 describes our second technique for implementation in undominated strategies. Full
details and proofs appear in the appendix.

2 Technique 1: The Japanese Wrapper

This section presents our first technique to obtain an approximation in undominated strategies. For
a clearer exposition it will be useful to start from the “known single minded” case. For this case,
our method is the first deterministic technique to convert any given c-approximation to a truthful
mechanism with O(log(vmaes)-¢) approximation, i.e. we show how to incorporate value monotonicity
into any given algorithm. The method is an iterative procedure that runs the algorithm at each
stage to find a set of winners and losers, and requires the losers to increase their value or retire.
We present the technique and analyze its properties in section 2.1. In section 2.2 we move to the
general case, and give conditions on the given algorithm that enable the mechanism to obtain a
O(1og?(Umag) - €) approximation. In section 2.3 we use this technique for the “unknown multi-
minded” case, creating a feasible implementation in undominated strategies.

2.1 The case of known single minded players

A formal description of our method for the case of “known single minded players” is given in
Figure 1. Informally, suppose that ALG is an algorithmic procedure such that, when given as
input a set of player values, outputs a c-approximation to the social welfare. We assume w.l.o.g



that ALG outputs a pareto efficient outcome, i.e. that there does not exist a loser that can be added
to the set of winners. The Japanese Wrapper Mechanism is a simple wrapper to ALG: A vector
of player values, initialized to v° = 1,is iteratively handed in as input to ALG, who, in return,
outputs a set of winners Wj;1 (where j is the iteration number). If the new allocation Wj, is
inferior to the previous allocation W, we keep the previous allocation (step 5). Every loser is then
required to either double his value or to permanently retire (this is denoted by setting vg =0). A
retired player will not be able to win any bundle. This is iterated until all non-retired players are
declared winners by ALG. These are the winners of the mechanism. Each of the winners pays his
last bid, v;-] , where J denotes the total number of iterations.

Proposition 1. The dominant strategy of any player is to increase his reported value when asked,
as long as the increased value is lower than his true value v;.

Proof. If player i bids up to some value larger than v; his utility will be non-positive in any case,
which can be improved by retiring at the last value not larger than v;. If i retires at a value smaller
than ©;/2, then the mechanism ensures that he will not receive any item, hence his utility will be
zero, while if 4 continues to bid and retires at the largest value smaller than v;, his utility is non
negative. Thus the dominant strategy of 7 is to increase his reported value as long as it is lower
than his true value v;. O

In order to analyze the approximation bounds of this mechanism, the crucial point is that the
number of iterations is low, independent of the number of players:

Lemma 1. If all players are single minded then the number of iterations is at most 2-10g Uppae + 1.

Proof. Suppose by contradiction that at iteration 2log U, + 1 there exists a loser, i1, who is
willing to increase his value. This implies that there exists a winner, i5, such that his desired
bundle intersects the desired bundle of 71. Hence in every previous iteration at least one of them
was a loser, and doubled his value. Since each player doubles his value at most v,,,, times before
retiring (in the dominant strategy), and since they doubled their value 210g U4, times, the only
possibility is that both ¢1 and i9 have value v,,4, at iteration 210g ¥,,q,,+1. But then this contradicts
the assumption that i is willing to increase his value in this iteration. ]

This also implies that if ALG has polynomial running time then the Japanese Wrapper also has a
polynomial running time. In addition, from this, for the case of single minded players, not much
work is left to show that the mechanism almost presevres the original approximation ratio:

Notation: If W is a set of players that can be jointly satisfied®, we define v(W,?) = 3, ey vi-
For a general set of players X, we define v(OPT(X), %) to be the maximal v(W,¥) for some set
W C X of players that can be jointly satisfied.

Theorem 1. Given any c-approximation algorithm for single-minded CAs, the Japanese Wrapper
Mechanism obtains an O(10g Uy - €)-approzimation in dominant strategies, in polynomial time.

Proof. For any 1 < j < J, let R; be the set of players that retired at iteration j. Note that U 3]:1Rj
is exactly the set of all losing players. Note also that we have, for any j, v(OPT(R;),v?) < c-
v(Wj,v7) < c-v(Wy, ). For any player i € R; we have that vf > 0;/2, and so (1/2)v(OPT(R;),v) <
v(OPT(R;),v') < c-v(Wy,0). We can now bound the optimal value of the entire set of players
WJU(U}-Ilej)Z U(OPT(WJU(U}Z::LR]')),T)) < U(OPT(WJ),6)+23']:1 v(OPT(R;),v) < v(Wy,0)+
J-2-coo(Wy,0) <(J-2-c+ 1)v(Wy,v). Since J < 2-10g Upqz + 1, the theorem follows. O

A player is satisfied by some allocation if he receives one of his desired bundles in that allocation.



The General Japanese Wrapper:

Allocation:
1. Let j =0, W; =0, L; = 0. For any player i € N let v) =1, s¥ = G.
2. Initialize the players’ oracles.
3. While (W; UL; # N):
o (Wji1,s7") =Proper_Procedure(vi, s?, Wy).
e For any i ¢ Wjy1, i chooses if v/ 7" = 20! or v = 0 (retire).
o L ={ie N =0}, j=j+1.
4. J=j.

Payments:
Each winner i € W receives the bundle s/ and pays his last bid v{, a loser receives () and pays 0.

Figure 2: The General Japanese Wrapper for single value multi-minded players.

Remarks: (1) When optimizing constants one needs to multiply a loser’s value by e instead of
by 2. For ease of notation we will use the constant 2. (2) The analysis here is tight. We show this
by an example in Appendix A.

In addition to being the framework for our undominated strategies implementation, our con-
struction is also the first general deterministic technique to convert any algorithm to a truthful
mechanism, i.e. to convert any given algorithm to a value-monotonic mechanism. It also shows
how to convert any heuristic that is believed to be useful in “most cases” into a truthful one.
Many such heuristics were previously studied (e.g. [17]) but no truthful construction of those were
previously known. Similarly, our method can also be used to obtain a truthful c-approximation for
special cases that enable the /m lower bound to be breaked.

The analysis in this section holds for single minded players. For multi-minded players, even in
the “known” case, the above arguments fail. Specifically, in Appendix A we show by an example
that the number of iterations may now become large, dependent on the number of players. We are
able to fix this, losing an additional O(log(vqz)) factor, as we show in the next section.

2.2 The General Case

In the case of single value multi minded players, every player, ¢, has a value v; and a set of desired
bundles S; (s; € S; is one of the bundles that 7 desires). The space of all valid such S,’s is termed
S (for simplicity we assume it is identical for all players). When the family S contains some S;’s
with size exponential in m, we need to assume that an oracle access is provided. Specifically, it is
assumed that the given algorithm requires, for each player 4, an oracle O; : S x Q — 2%, where Q
is an algorithm-dependent query space. l.e. for any fixed type S; € S and for any query q € @, the
oracle outputs a set of items. The assumption of “known” players implies that a player does not
have any control over his oracle. The oracle “knows” the true S; of the player and answers queries
accordingly. For the “unknown” case no such assumption is made.

The japanese wrapper for the general case of multi minded players is a straight-forward gener-
alization of the construction of the previous section. This is described in Figure 2: Given a “proper
procedure” that receives as input player values and oracles, and outputs an approximatly optimal



allocation, we use the iterative wrapper in order to turn the algorithm into a truthful mechanism
for the “known” case, and an implementation in undominated strategies for the “unknown” case.

Definition 2 (A proper procedure). Fiz an algorithmic procedure that receives as input player
values v, player sub-sets s, and a valid allocation with respect to s, W, and outputs a valid allocation
(W' s"). We say that this procedure is a “proper procedure” if it satisfies:

1. (Pareto) For any i ¢ W', s, 0 (Uewrs)) # 0.

2. (Shrinking sets) For every player i, s; C s;.

8. (First time shrink) For any i1,ia € {i : |s;| =m & s, <m}, s, Ns;, = 0.
4. (Improvement) v(W' 0) > v(W,0).

The first two properties together ensure that the number of iterations will be at most 2 log v a0+
1, using similar arguments to those of the single minded case (Lemma 1). To ensure the approxi-
mation, we need also to require the proper procedure to produce “localy approximately optimal”
outcomes: The procedure is not able to produce a (globaly) approximately optimal outcome with
respect to all the true desired sets of the players, as it is limited to allocate to every player ¢ a
subset that is contained in s7, his “active bundle” at iteration j. Instead, a “local” approximation
guarantees the quality of the outcome only with respect to players that retire at iteration j, and,
furthermore, only with respect to their desired bundles that are contained in their active set. Our
analysis shows that ignoring all their other subsets incurs an additional approximation loss of at
most O(10g(Vmaz)). More formally, for some set of desired bundles S; and some active set s! we
denote S| ; = {s € S; | s C sg}, i.e. all the desired subsets that are contained in the active set.

For any iteration 1 < j < J, define the following set of “partial players”:
Rj ={ (s, Silys) | i retired at iteration j },

i.e. for every player i that retired at iteration j the set R; contains a player with the same value of

i that desires some of the bundles that i desires — exactly those that are contained in s7.

Definition 3 (local approximation (in undominated strategies)). A proper procedure is a ¢-local-
approximation if, whenever every player plays an undominated strategy, for any 1 < j < J,

1. W(OPT(R;),v7) < & Yiew, vl.
2. For any player i, v; > vf, and, if player v retires at iteration j then vz > v;/2.

Theorem 2. Given any proper procedure which is a ¢ local approrimation, the General Japanese
Wrapper obtains an O(10g?(Vmaz) - €) approzimation (for any profile of undominated strategies).

In the appendix we show, for the “kmown” case, how to convert any given c-approximation
to a proper procedure which is a c-local approximation (assuming that the type space “includes
single minded players” — see Appendix B for exact details). For this case we also show that players
actually have one dominant strategy, exactly as in the known single minded case. Here we skip
all this and continue to the main result: an O(log?(¥maz) - v/m) approximation in undominated
strategies, for combinatorial auctions with unknown multi-minded players.



The 1-CA-SUB procedure:

Input:

A vector of values v/ and a vector of bundles s7 (with one element for each player).
An allocation W;_; which is valid w.r.t. s/.

Procedure:
1. MAX; = argmax;c y{ v/ }; GREEDY; = (.
2. Go over the players with vf > 0 in descending order of values. Let player ¢ be the current player.
(a) If i ¢ W,_; allow him to pick a bundle® s/*" C Free(GREEDYj,sit") N s’ such that
|s7T!| < \/m, in any other case (i € W;_; or i does not pick) s = s/

=5
(b) If s < /m, add i to any of the allocations W € {W,_1, MAX;, GREEDY;} for which
s7TH C Free(W,sith).

i

Output:
The vector of bundles s/*' and an allocation W € {W;_1, MAX;, GREEDY}} with maximal value of

ZieW Ug-

“Free(GREEDYj, sj+1) denotes the set of free goods, goods that are not in UieGREEDY; it

i

Figure 3: The 1-CA-SUB for combinatorial auctions with unknown multi-minded players.

2.3 Main Application and the Switch to Undominated Strategies

Our main result is obtained by simply using the General Japanese Wrapper of Figure 2, with the
1-CA-SUB of Figure 3 as the proper procedure to plug-in. Informally, the 1-CA-SUB goes over
all players in descending order of values. Each player may choose a subset of his currently active
bundle, that contains only currently-free items, and that is of size at most y/m. It then compares
this allocation to the allocation of the previous iteration and to the allocation that chooses the
player with highest value (regardless of the size of his desired subset), and chooses the best one.
This is plugged in to the japanese wrapper, who in turn updates the currently active bundle of the
winners, and asks each loser to either double his value or retire. This is essentially a modificiation
of the 1-CA algorithm of [14].

While the original 1-CA is truthful only for known single minded players, this wrapping tech-
nique makes it suitable for unknown multi minded players, with a loss of O(l0g?Vmaz) in the
approximation factor. Let us point out the crucial points in the analysis. We first need to verify
that the 1-CA-SUB is a “proper procedure” — this is almost immediate from the definition. A more
subtle point is the transition from dominant strategies to undominated strategies.

As an example, consider the case of EDP, being solved with the Japanese Wrapper and the
1-CA-SUB. Each edge is an item, and the entire set of edges is to be allocated to the different
source-target players. As we go over players, e.g. in the first iteration, each player is asked to
specify a desired subset of edges. Suppose that the player has two edge disjoint paths in the
original graph, but some edges in the first path are not available when the player is reached. At
this point, the player may choose the available path, or may declare e.g. that his desired subset
of edges is the union of both this paths. By the first alternative, he avoids the need to double
his price, but this also limits his future choices, as he will no longer be able to choose the other
path. The second option will cause him to double his value. Players are faced with such a decision
in every iteration. A mechanism with dominant strategies implies that the player has a specific
optimal choice, no matter what the other players choose. In our case, we do not rule out either of



these choices, but rather show that the approximation ratio will be maintained in either case. All
we need in order to guarantee the approximation is that in the iteration that the player actually
retired, he discloses one of his true paths if possible. The analysis is performed in two steps. First
we characterize the set of undominated strategies, and then we analyze the performance of every
tuple in that set.

Definition 4 (loser if silent). Player i is a “loser if silent” at iteration j if, when he is asked to
shrink his bundle at step 2a of the 1-CA-SUB procedure, all the following hold:

2. i%Wj_l andzgéMAX]
3. Sg N (Uier_lsi) 75 0.

4. Sg N (UiEMAX]-Si) =+ .
Lemma 2. A strategy of player i is undominated if and only if all the following hold:

1. © always has some desired bundle contained is his active bundle, i.e. v; > vf for any iteration
j-

2. 1 retires at iteration j if and only if he looses at iteration j, and vz > 0;/2.

3. If at iteration j player i is a “loser if silent”, then i will declare some desired bundle sgﬂ

that satisfies the conditions of step 2a, if such a bundle exists.

Lemma 3. Suppose all players are playing an undominated strategy. Then the 1-CA-SUB is an
O(y/m)-local-approzimation.

By Lemma 2, this immediately implies that the Japanese Wrapper obtains an O(10g?(Vmaz) - /)
approximation whenever all players play undominated strategies. In order for the mechanism to
satisfy our stronger definition of a “feasible implementation”, we need also to verify that every
undominated strategy yields non-negative utility, and that for every dominated strategy we can
efficiently find an undominated strategy that dominates it. But these two are easy to verify using the
characterization of the class of undominated strategies given by Lemma 2. Thus we can conclude:

Theorem 3. The Japanese Wrapper with the 1-CA-SUB procedure is a feasible implementation in
undominated strategies of an O(10g?(Vmaz) - /M) -approzimation.

As was mentioned above, this actually holds for the more general case of players that are d-close
to single value, with an additional approximation loss of 4. We give full details in appendix C.2.

3 Technique 2: Impersonation-Based Mechanisms

Our second demonstration to the usefulness of undominated strategies involves the gap between
known and unknown single minded players. As mentioned in the introduction, this gap was noticed
by several papers [14, 2, 4], who were able to provide results only for the “known” case. We show that
switching to undominated strategies can help maintain the same approximation in the “unknown”
case. Our technique here is completely different than the Japanese Wrapper technique, and is
described in Figure 4. The main idea is to allow players to impersonate to several different single



Impersonation-Based Mechanism for the USM CA model

Given a direct revelation allocation rule G for single minded CA (each player 4
bids a value v; and a bundle s;), and a positive integer K.

Strategy space:
Each player i submits a value v; and a sequence of k; < K bundles, s} C s? C ... C sf

Allocation:
Run the allocation rule G' on the input {(v;, 5?)}1’6N,k:1...,ki and get a set of winners W.
Each winner i € W receives s} (the minimal bundle), other players lose, and get (.

Payments (assuming the Impersonation-Based allocation is value monotonic):
Losers pay 0. Each winner pays his critical value for winning.

Figure 4: The Impersonation-Based Mechanism for unknown single-minded CA.

minded players, all with the same value, but with different bundles. For some carefully designed
allocation rules (we give two examples below), in any undominated strategy players will reveal their
true value and their true bundle, coupled with extra “false” information. This will enable us to
maintain the original approximation ratio.

Let §; denote the true desired bundle of player i, and let M (G, K) denote the mechanism created
by running the Impersonation-Based Mechanism with an allocation rule G and an integer K. We
note that it is well defined if and only if it is value monotonic.

Proposition 2. Assume that for some allocation rule G and an integer K, the M (G, K) mechanism
is value monotonic. Then for any player i, in any undominated strategy, s} 2 3; and v; = ;.

It is interesting to note that is not sufficient that the allocation rule itself will be value monotonic
for the impersonation-based mechanism to be monotonic. See the appendix for details.

Definition 5. The mechanism M (G, K) encourages minimal bundle bidding if for any player i,
in any undominated strategy, s} = 3;.

Theorem 4. Suppose that an allocation rule G is a c-approrimation for known single minded
players. If the M (G, K) mechanism is value monotonic and encourages minimal bundle bidding,
then it is a feasible implementation in undominated strategies of a c-approximation.

We give two examples for allocation rules that satisfy both these conditions.

A CA of rectangles in the plane. In an axis-parallel rectangles CA, the set of goods is
the set of points in the plane R2, and players desire axis-parallel rectangles. Babaioff and Blum-
rosen [4] extend an algorithm by [12] to a truthful O(log(R)) approximation mechanism, for known
single minded bidders, where R is the ratio between the smallest width and the largest height
of any two of the given rectangles. However, for the “unknown” case they were only able to
give an O(R) approximation. With the Impersonation-Based mechanism, we achieve the original
O(log (R)) approximation ratio in undominated strategies: Let Shifting be the original shifting al-
location algorithm of [12], and M (Shifting,log (R)) be the Impersonation-Based mechanism based
on Shifting, with K = log (R). By showing that M (Shifting,log (R)) is value monotonic and
encourages minimal bundle bidding, we have:

10



Theorem 5. The M(Shifting,log (R)) mechanism is a feasible implementation in undominated
strategies of an O(log (R))-approzimation.

A modified k-CA The k-CA algorithm of [14] provides an € - \/m approximation for any e > 0,
in time proportional to 1/e2. This gives the ability to fine tune the tradeoff between the running
time and the approximation. It is truthful for known single minded players, but is not truthful in
the unknown case. Closing the gap by plugging it into the impersonation based mechanism will
not help, as the result will not be value monotonic. To fix this, in the Appendix we define the
IA — k — CA algorithm, which is based on the k-CA algorithm, and does suit the impersonation-
based technique. The approximation ratio of the A — k — C'A algorithm slightly increases to be
(2-€-v/m - InTpg,) for any fixed € > 0. The corrected algorithm does satisfy all the requirements
of the impersonation technique:

Theorem 6. The M(IA —k — CA,\/m) mechanism is a feasible implementation in undominated
strategies of a (2 - € - /m - InUpyqy )-approzimation.

Thus we get that for the “unknown” case as well we are able to fine tune the tradeoff between the
running time and the approximation, if the value ¥y,q, is bounded.
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A The known single minded case

The following claim shows that our analysis for this case is tight:

Proposition 3. Fiz any parameters ¢ > 1, Upaz = 1, m > logUmaz, and n > 2 - l0gUmas. Then
there exists a c-approrimation algorithm and an input with n single minded players over m items
with maximal value Vpqz, such that the japanese wrapper mechanism outputs an Q(log(vVimaz) - €)
approximation.

Proof. For convenience assume that ¢, vp,q, are powers of 2. Let v = vy /(¢/2). Define the set
of items to be {g1, 92,93, .-, glogv}. Let the set of players be composed of two different subsets:
(1) Players {ci, ..., Clog v}, Where each player ¢; desires the bundle {g;} for value vy = v - (¢/2).
Players {r1, ..., 7109y }, Where r; wants the bundle {g1, ..., g;} for value 2t

In the optimal solution, players ci, ..., ¢jog, Win, with a total welfare of (¢/2) - v - log(v).

The course of the japanese wrapper is as follows: in the i'th iteration, for i < log(v), the winners
are 7;_1,C;i, ..., Clogn, pPlayer r;_o retires, and the rest double their value. Note that at every such
iteration, the set of winners is the optimal one according to their current values.

At iteration log(v) + 1, the sole winner is 7o4,. This keeps the approximation: At this phase,
T1, s Tlog(v)—1 have already dropped. The current value of 7,4, is v. The current values of
Cl, .oy Clogy are v,v/2,v/4,...,1, accordingly, so the optimal allocation for these values is 2 - v, and
we are in the approximation bound.

Players c1, ..., Cjoq(») Will keep increasing their values until their values will be (c/2) - v, (¢/2) -
(v/2),...,(c/2)-1. (this takes log(c/2) iterations). The approximation algorithm will output player
Tlogy @s the winner in all these iterations. This is still within the approximation bound, as the
optimal allocation in all these phases is at most 2 - (¢/2) - v.

Now, at iteration k = log(v) + log(c/2), player ¢; will drop, and players ca, ..., ¢jog, Will double
their values. Thus at iteration k + 1 the winner will still be 7,g,. This continues similarly: at
iteration k4 for 1 < i < log(v), player 704, Wins, player c; retires, and players c;y1, ..., Cjogo double
their values. In each such iteration the value of 7,4, is within a factor of ¢ of the optimal allocation,
which is to set as winners players c;, ..., Cogp: their values are (¢/2) - v, (¢/2) - (v/2),...,(c/2) - 27,
respectively, and so their total value is less than ¢ - v.

At iteration log(v) +log(c/2) +log(v),” all players besides player rjo4, have retired, and so rjog,
is the sole winner. Since his value is v and the optimal social welfare is(¢/2) - v - log(v), the claim
follows. O

Remark: The number of items required in the above example is small, only log(v,q./c) items.
Therefore the example also shows that when v,,,, is exponentially larger than the number of
items, the japanese wrapper can output a result which is far from optimum by a ratio even larger
than min(m,n). This extreme case can be avoided by adding the following modification to the
algorithmic procedure alg: if there exists a single player with value larger than the value of the
computed allocation, the sole winner will be this single player. This ensures that the approximation
ratio will not exceed min(m,n).

For multi-minded players the number of iterations of the basic mechanism of Figure 1 may
become large, dependent on the number of players:

Proposition 4. There exists a scenario with n double-minded players for which the japanese wrap-
per performs exactly n iterations.

"Note that indeed we have that the number of iterations is less than 2 - l0gVUmaz + 1, 88 Umax = v - (¢/2).
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Proof. Assume that there are n — 1 goods. Agent i € {1,...,n — 1} is double minded with bundles
{i} and {(i + 1) mod (n — 1)}. Agent n wants the bundle {1}. All agents have values equal to
2. Suppose that the algorithmic procedure we use is the optimal algorithm. The important point
to notice is that any n — 1 players can be satisfied jointly, while the n players cannot be satisfied
together. Therefore the course of the japanese wrapper will be as follows: At each iteration, all
the players with a current value of 2 will be winners, and exactly one of the players with a current
value of 1 will be the only loser. That player will then double his value. After n iterations, when
all players have doubled their values, one of them will be the loser, at which point he will retire
and the auction will end. Hence we had exactly n iterations. O

A.1 d-wise domains

We give a generalization to the condition that enables the Japanese Wrapper to acheive a small
number of iterations. We have in mind different types of combinatorial auction domains, e.g.
[-minded domains, domains with several copies of each item, and so on.

A set of players T' C N get along if there exist an allocation in which all players in T" are satisfied
(i.e. receive one of their desired subsets).

Definition 6 (A d-wise domain). A combinatorial auction domain is “d-wise” if for any set of
players T that get along, with |T| > d—1, and any i ¢ T: T U {i} get along if and only if X U {i}
get along for any X C T such that | X|=d— 1.

Lemma 4. If the combinatorial auctions domain is d-wise then the Japanese Wrapper of Figure 1
performs at most k - 10g Ve + 1 iterations.

Proof. Consider iteration number k - 10g Uymqr + 1. Suppose by contradiction that there exists a
loser, 4, who is willing to doouble his value. Since the algorithm is pareto this implies that ¢ does
not get along with the set of winners. Therefore there exists a set of players X of size at most
d — 1 such that X U {i} do not get along. Thus, in any previous iteration, at least one player out
of X U{i} doubled his value. Since we had all together k - 10g U4, such value doublings it follows
that all players in X U {i} have value ¥,,4,, contradicting the fact that i is willing to increase his
vaue. ]

It is not hard to verify that the single-minded CA domain is a 2-wise domain. Proposition 4
above shows that combinatorial auctions with n [-minded players for any [ > 1 are not a d-wise
domain for any d < n.

Proposition 5. Combinatorial auctions with single minded players and d — 1 copies of each item,
such that any player desires at most one copy of every item, is a d-wise domain.

Proof. Fix a set of players T with |T| > d — 1 get along, and any i* ¢ T. We have to show that
T U{i*} get along if and only if X U{i*} get along for any X C T such that |X|=d—1. f TU{i*}
get along then clearly for any subset X of 7', X U {i*} get along. Now suppose T'U {i*} do not
get along. Let s1, ..., s/7| be the desired subsets of the players of T". Since T" get along then for any
item, g, D(g) = [{¢ : g € si}| < d—1. Since T'U {i*} do not get along this implies that there
exists an item ¢g* € s;« (where s;« is the desired subset of i*) such that D(¢g*) = d — 1. Thus, if we
take X to be all players i € T such that g* € s; we have a set X of size d — 1 such that X U {i*}
do not get along. O

We remark that all this follows through for the multi-minded domain with the “freezing” tech-
nique, as described next. Hence, the General Japanese Wrapper for the general multi-minded
domain with d — 1 copies performs at most d - 1og(0,q,) + 1 iterations as well.
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B The Japanese Wrapper Mechanism for Known Single Value
Players

A Single Value Multi-Minded (MM) player, i, has a value v; and a set of desired bundles S; (s; € S;
is one of the bundles that i desires). The space of all valid such S;’s is termed S (for simplicity we
assume it is identical for all players). Note that the size of some of the S;’s may be exponential
in m. Therefore, for this model, we must assume that an oracle access is provided. Specifically, it
is assumed that any given algorithm is equipped, for each player i, with an oracle O; that answer
queries about S;. Formally:

Definition 7. A “bundles oracle” for a space of wvalid bundle-collections S, and an algorithm-
dependent query space Q, is a function O : S x Q — 2. Le. for any fized type S; € S and for
any query q € Q, the oracle outputs a set of items.

Remark 1: The assumption of “Known” players implies that a player does not have any control
over his oracle. The oracle “knows” that S; is the player’s true type, and answers queries according
to it. The player’s only secret is his value v;. This assumption will be dropped when we will
switch to the case of “Unknown” players. For that case we will assume that players may behave
stratigically also when answering queries about their desired bundles.

Remark 2: It might be interesting to compare this class of oracles to specific oracles previously
considered, e.g. by [7, 9]. Two main types of oracles were suggested: A demand oracle receives
a vector of item prices and returns the most desired bundle under these prices. Our definition
allows for such an oracle, by setting the query space @) to the space of item prices. In order to avoid
revealing the true value one might consider adding to the query space an “imaginary value” v, hence
asking the player “assuming that your value is v, what is your most desired bundle (according to
your true S;)?”. Another popular definition is a value oracle, in which a player is given a set and is
required to return his value for that set. Our class does not support such oracles, as this type of an
oracle rules out the seperation of the player’s type to two parts: the value, and the set of desired
bundles.

Remark 3: One might wish to restrict the class of oracles in the above definition so that the
algorithm would not be able to exploit the oracle “too much” for NP-hard computations, e.g. by
requiring the oracle to return a set in S;. We note that all our techniques hold under any such
restrictions, as they hold for any oracle that satisfies the above definition.

Figure 2 describes the straight-forward generalization of the japanese wrapper for the general
case of multi minded players: Given a “proper procedure” that receives as input player values
and bundles oracles, and outputs an approximatly optimal allocation, we use the iterative wrapper
described above in order to turn it into a truthful mechanism. This framework will be used both
here, for the “known” case, as well as in the sequel, for the “unknown” case. We proceed in two
steps. First we give general conditions on the “proper procedure” that will enable our wrapper
to maintain an approximately optimal allocation. We then describe a way to convert any given
c-approximation with “appropriate” oracle acces to a “proper procedure” that will maintain these
conditions.

We will perform the analysis of the general wrapper for the more general case of players that
are d-close to single value players:

Definition 8 (d-close to Single Value). A player is §-close to Single Value if he has a value function
v; © S; — R, that assigns different values for different bundles, such that max ges,{vi(s)/vi(s')} <
6. Clearly, a player is 1-close to Single Value if and only if he is single value.
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Definition 9 (A proper procedure). Fiz an algorithmic procedure that receives as input player
values 0(-), player sub-sets s, and a wvalid allocation with respect to s, W, and outputs a valid
allocation (W', s"). We say that this procedure is a “proper procedure” if it satisfies:

~

. (Pareto) For any i ¢ W', s; N (Uiewrs)) # 0.

2. (Shrinking sets) For every player i, s, C s;.

3. (First time shrink) For any i1,iz € {i : |s;| =m & s; <m}, s, Ns;, = 0.
4 (Improvement) Sieyn,4(s1) = Sser 5i(51).

Lemma 5. Given any proper procedure, the number of iterations of the General Japanese Wrapper
of figure 2 is at most 210g Vipar + 1.

Proof. Suppose by contradiction that at the iteration j = 2logv,,q: + 1 the auction did not end.
By definition this implies that there exists a loser, i1, that is willing to double his value. Since
the allocation is pareto, this implies that there exists a winner, i9, such that io’s current bundle
intersects i1’s current bundle. Since the current bundles only shrink, 71 and is could never win
together at any previous iteration j' < 2logvmq.: + 1, and so at any such iteration at least one of
them doubled his value. This implies that at iteration 2logv,,q, + 1 both have value exactly vyqz,
and so 71 will not double his value at this iteration, a contradiction. O

For some set of desired bundles S; and some active set sg denote gi‘sﬂf ={seS;i|sC sz}, ie.

all the desired subsets that are contained in the active set. For any iteration 1 < j < J, define the
following set of “partial players”:

Rj = { (0;(-), Si|,s) | i retired at iteration j },

Notation: For a set of players X = {(v;(-), S:)}i, we say that (s1,...,5,) is a valid allocation if
s; N sy = O for every i,7" and s; € S; or s; = () for every i. We then denote:

e v(OPT(X)) = argmax{>_; v;(s;) | (s1,...,sn) is a valid allocation }.

e v(OPT(X),v) = argmax{} ;. Ui | (51,..-,5n) is a valid allocation }.

Definition 10 (local approximation (in undominated strategies)). A proper procedure is a ¢-local-
approximation if, whenever every player plays an undominated strategy, for any 1 < j < J,

1. W(OPT(R;),v7) <& Siew, vl.
2. For any player i, @Z(sf) > vf, and, if player i retires at iteration j then vg > ’Di(sg)/z

Theorem 7. Given any proper procedure which is a ¢ local approzimation, the General Japanese
Wrapper obtains an O(10g?(Vmaz) - €) approzimation (for any profile of undominated strategies).

Proof. Let W = {(v;(-), 5;) |s{| # m}, i.e. W contains all the players who shrinked their bundles
(with their true values and all their true desired bundles), and let R = U 3-]:1Rj. We first show that
ignoring all the bundles that are in W but are not in R can not harm too much:

Claim 1. v(OPT(W)) <§-J-v(OPT(R)).
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A Proper Procedure for Known Multi-Minded Players:

Input:
A vector of values v/, a vector of bundles s/ (with one element for each player),
and a vector of oracles {ORACLE;};. An allocation W; which is legal w.r.t. s7.

Allocation:
1: For any player ¢ with s{ # G set ORACLE; to the s.m. oracle based on sf
2: (Wj+1, {outSeti}i) = ALG(Uj, {ORACLEl}l)
3: if v(Wjs1,07) > v(W;,v7) then set 577" = outSet; for any i € Wj,1, else set W1 = W;.
4: For any i € N \ W;;, with Uf > 0, % Pareto stage.
if s771 N (Uiew,,,s77") = 0 then W1 = Wiy U {4}
Output:
The vector of bundles s’*! and the allocation Wj1.

Figure 5: A “proper procedure” for known multi-minded players

Proof. Define W; as all the players that first shrinked their bundle at iteration j. By the “first
time shrink” condition of the proper procedure and by the fact that active bundles only shrink, we
have that 3571 N 3‘2-]2 = () for every i1,ip € Wj. Therefore, for any j, v(OPT(R)) = Y iew, vi(s?).
We also have v(OPT(W;)) < sumjew,0 - ;(s/) since s/) contains a desired bundle and players
are d-close to single value. Thus we have that for any j, v(OPT(W;)) < 6 - v(OPT(R)). Since
v(OPT(W)) <3, v(OPT(Wj)) we get v(OPT(W)) < delta - J - v(OPT(R)), as needed. O

We now show that the Japanese Wrapper approximates OPT(R):
Claim 2. v(OPT(R)) <2-J-¢ Y cw, vy

Proof. From the é-local approximation we get that for any j, v(OPT(R;),v7) < ¢ Yiew, v!. From
the improvement property we get that Ziewj v] < diew, v;] . Since every player in R; retired at
iteration j we have that v} > 9;(s?)/2, and so v(OPT(R;)) < 2-v(OPT(R;),v?). To summarize,
we get that v(OPT(R)) < >, v(OPT(R;j)) <2-J-¢ X cw, v/, as claimed. O

The theorem now follows almost immediately. First notice that the true input is contained
in WU RUWj: all retiring players belong to R U W (if a player shrinked his bundle then he
belongs to W with all his true bundles, and if a player did not shrink his bundle at all then he
belongs to R with all his true bundles) and all non-retiring players belong to W ;. From the above
claims we have: v(OPT(WUR)) < v(OPT(W))+v(OPT(R)) <4§-J-v(OPT(R))+v(OPT(R)) <
4:6-J%8ew g v{. Since vy > v;(s/) and s/ contains at least one desired bundle of player 4, we also

have v(OPT(Wy)) < Yiew, 607 . Thus we get that v(OPT(WURUW,)) <5-6-J%-¢ ey, vf
and the theorem follows. O

Figure 5 describes a proper procedure for the case of known multi-minded players. In a similar
manner to the single minded case, this procedure converts any given c-approximation ALG to a
truthful mechanism that satisfies the requirements of Lemma 1 and Lemma 2, thus obtains an
O(10g?(Upmaz) - €) approximation. The basic idea is similar to the single minded case. The only
important modification is the “freezing” of first time winners: every player, from the moment of
his first win and later on, will be regarded as a single minded player with a desired bundle which
is the bundle he first received (this is step 1 in figure 5). For this modification to perform well we
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need to be carefull about two points. First, we need the space S to include all such single minded
players, since otherwise it might be the case that a c-approximation algorithm for a space S will
not yield a c-approximation (or will not even be well-defined) if we freeze a bundle of a winner
(since we lose some structure on the bids).

Definition 11. A type space S “includes the single minded players extension” if for any S; € S
and any s; € Si, {si} € S (where {s;} is a collection of bundles that contains one element which
corresponds to a single minded agent with bundle s;).

When we freeze the bundle of a player, we essentially ignore his original oracle, and answer
the queries that the algorithm presents by ourself. Since we would like our mechanism to run in
polynomial time, we need:

Definition 12. An oracle O is “polynomially computable for single minded players” if for every
S; € S with |S;| = 1 (i.e. S; = {s;i} for some s; € 22) and for every q € Q, O(q,S;) can be
computed in polynomial time in the number of items.

Note that we do not assume anything on the complexity of O for multi-minded bidders. With these
definitions, we have:

Theorem 8. Assume that ALG is a c-approximation algorithm for the multi-minded type space S
that includes the single minded players extension. Then the General Japanese Wrapper with the
proper procedure of Figure 5 implements an O(logQ(z_;mam) -¢) approximation in dominant strategies.

Furthermore, if ALG has polynomial running time and requires an oracle access which is poly-
nomially computable for single minded players then the General Japanese Wrapper has polynomial
running time.

Proof. In a similar manner to the known single minded case, it is easy to verify that the dominant
strategy of a player is to double his value whenever he is a loser if and only if this doubled value
will not be higher than his true value. It is also easy to verify that the procedure of Figure 5 is a
proper procedure — all four requirements are explicit in the definition. It remains to show that the
procedure is a c-local-approximation. We need to verify that v(OPT(R;),v7) < c- Ziewj v], but
this is again immediate from the fact that ALG is a c-approximation. ]

Remark: One may consider plugging randomized algorithms to the General Japanese Wrapper.
Since all the above holds for any fixed realization of the random string that ALG uses, it follows
that our construction follows through for randomized algorithms as well, and produces a strongly
truthful mechanism, i.e. a truthful mechanism for every realization of the random string (in contrast
to truthfulness in expectation).

C “Unknown” Single-Value Combinatorial Auctions and Undom-
inated Strategies Implementation

In this section we present our main results — implementations in undominated strategies for un-
known general single value players. We begin with a formal discussion of the concept of implemen-
tation in undominated strategies, followed by an analysis of our main result.
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C.1 Implementation in Undominated Strategies

We define this concept for a general mechanism design framework: Given a set of players, I,
a strategic mechanism M is a game form in incomplete information ({T;}ien,{S:}ien, {uitien),
where T; is the set of player types, S; is the set of player strategies (we denote also S = Sy x---xS,),
and u; : T; x S — R is the utility of player 7 given his type and the tuple of strategies played by
all players. The assumption is that each player i acts strategically in order to maximize his utility.

Definition 13. A strategy s; € S; dominates the strategy s, € S; of player i if for any type t;
and for any s_; € S_;, ui(ti, si,s—;) > wi(ti, s;, s—i), and this inequality is strict for at least one
instance of s_; € S_;. A strategy s; € S; is undominated for player i if it is not dominated by
any other strategy of player i.

In other words, if a strategy is dominated then there exists a strategy that weakly improves the
player’s utility, even in the worst-case, and stricly improves it in at least one case. Therefore, a
player that aims to maximize his utility “should not” play a dominated strategy.

However, when considering computationally bounded players, this argument might not hold:
There might exist a strategy s’ that “looks good” in the sense that it dominates a large portion of
the strategy space. But, in fact, an exhaustive search of the strategy space will yield a “better”
strategy, s, which dominates s’. In such a case we might not be able to require computationally
bounded players to find this strategy s. To rule this out and to allow computationally limited
players, we thus require:

Definition 14. A strategic mechanism has the fast undominance recognition property if,
given any strategqy s; € S; of any player i there exists a polynomial-time procedure that determines
if s is undominated, and, if not, finds an undominated strategy s; € S; that dominates s,.

Thus, our modeling of the process of choosing a strategy allows the the player to first choose
any strategy that “he thinks is best”, and then to move to an undominated strategy that dominates
his chosen strategy in polynomial time.

To strengthen our solution concept even more we will also require that a player will never regret
taking part in the mechanism:

Definition 15. A mechanism M is Ex-post individually rational if for any player i with any
type t;, (1) there exists at least one undominated strateqy for player i, and (2) for any undominated
strateqy s; € S;, u;i(t;, si,8—i) >0 for all s_; € S_;.

Using all these we define the concept of “a feasible implementation in undominated strategies”:

Definition 16. A strategic mechanism M is a feasibe implementation in undominated
strategies of a c-approximation if for any combination of player types t:

e [or any tuple of undominated strategies s € S (i.e. s; is undominated for any i), M outputs
a c-approrimation outcome with respect to t in polynomial time.

e The mechanism has the fast undominance recognition property.
e The mechanism is Fx-post individually rational.

Mechanisms in dominant strategies are a special case of this definition, as their set of undominated
strategies contains exactly one strategy: the dominant strategy. The game theoretic relaxation of
undominated strategies allows the mechanism designer to “leave in” several strategies, from which
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the actual strategy that the player will choose is not known. However, it also implies an increasing
algorithmic difficulty, as the outcome must be approximately optimal for any choice of undominated
strategies that the players make.

This definition requires the mechanism to choose a close to optimal outcome for every tuple of
pure undominated strategies. One may notice that such a mechanism remains a c-approximation
even when players choose mixed (randomized) strategies so as to maximize their expected utility:
The support of any undominated mixed strategy consists only of pure undominated strategies, and
therefore any profile of realized strategies is a profile of pure undominated strategies. Hence the
mechanism is guaranteed to output a c-approximation outcome for such a profile.

C.2 The Japanese Wrapper for the “Unknown” Case

We now describe an O(10g? (Upmaz ) -+/m)-approximation in undominated strategies, for combinatorial
auctions with unknown multi-minded players. This is the General Japanese Wrapper of Figure 2,
with the 1-CA-SUB of Figure 3 as the algorithmic procedure to plug-in. Let us now verify and
explain correctness step by step. We will show this for players which are d-close to single value.

Proposition 6. The 1-CA-SUB procedure is a “proper procedure”.

Proof. Step 2b verifies that all three allocations W;_1, MAX;, GREEDY; are pareto with respect
to the active bundles of the players. Hence the pareto requirement is satisfied. Step 2a explicitly
verifies the shrinking sets requirement by requiring the new active set to be contained in the old
one. The Improvement requirement is taken care of by the output step, where it is explicitly verified
that the final allocation has value not less than W,_1, the previous allocation. ]

Definition 17 (loser if silent). Player i is “loser if silent” at iteration j if, when he is asked to
shrink his bundle at step 2a of the 1-CA-SUB procedure, the following hold:

1. vf > vi(sg)/Q.
2. Z'¢Wj_1 andzgéMAX]
3. Sg N (UiEijlsi) 7’5 @

4. sl (Uienrax,si) # 0.

In other words, ¢ is loser if silent if he will lose unless he will shrink his active set when he is
approached at step 2a, no matter what the others will declare.

Lemma 6. A strategy of player i is undominated if and only if all the following hold:

J
i

1. i always has some desired bundle contained is his active bundle, i.e. v;(s;) > vg for any

iteration j.
2. 1 retires at iteration j if and only if vf > vi(sg)/Z.

3. If at iteration j player i is loser if silent, then i will declare some ng that satisfies the

conditions of step 2a, with vi(sgﬂ) > vg/2, if there ewists such a set.
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Proof. The first claim is derived from the fact that a winner must pay his last reported value, and
receives his last active bundle. The second claim is derived from the fact that a player can only
gain by not retiring at a lower value (has no risk if he stays active). The third claim is derived from
the fact that a player can only gain by declaring such a bundle, since otherwise he will surely lose.
Any strategy that satisfies the above properties is undominated, since, when looking at two such
strategies s; and s of player i, and fixing the first point that they differ in (behave differently),
we can build strategies of the others that will cause one to win with that value and the other to
become a loser. O

Lemma 7. Suppose all players are d-close to single value. Then the 1-CA-SUB is a (2 - \/m + 3)-
local-approximation.

Proof. Fix an iteration j. For any W € {MAX; GREEDY;,W;_1} we have that } .y vf <
Diew, v] just by construction. Let X = R; \ MAX; \ GREEDY; \ W;_;.

Claim 3. o(OPT(X),v7) <2 v/m ¥y, v!.

Proof. Let Xjs denote all the players that receive a bundle of size at least \/m in OPT(X). We

will show a mapping f : Xy — MAX; such that f is \/m to 1, and for any i € Xy, v} < v}(i):

simply map ¢ to the player with highest value in M AX ;. There can be at most v/m players in X,
since each player receives a bundle of size at least \/m and these bundles do not intersect. Thus
the first property of f holds. The second property holds since the player with maximal value in
MAX; has the highest value among all players (according to v7).

Now let Let X denote all the players in X that receive a bundle of size at most /m in
OPT(X). We will show a mapping f : X¢ — GREEDY; such that f is /m to 1, and for any
i€ Xg, UZJ < vfc - Let s7 be the bundle that i received in OPT'(X). Since i is not in W;_1, nor in
MAXj, it follows that ¢ is loser if silent. Therefore, since he did not enter GREEDY;, there exists
i' € GREEDY; such that s/, N5} # 0 and v} < v),. We map i to #/. It remains to show that f
is y/m to 1: For any i1,is that were mapped to i’ we have that s;, Nsp, = () since both belong to
OPT(X). Since the size of sg, is at most y/m it follows that at most /m players can be mapped
to 7.

Therefore we have v(OPT(X),v’) = Yiex,uxe Vi < Xiemax, Vi + Liegreppy; Vi < 2
Yiew, v], and the claim follows. O

We can conclude that v(OPT(R;),v7) < > ieW, \UMAX,UGREEDY;, vl +0(OPT(X)) < (2-/m+
3) Yiew, vf, as claimed. O

Proposition 7.

1. The Japanese Wrapper with the 1-CA-SUB is Ezx-post individually rational.

2. The Japanese Wrapper with the 1-CA-SUB has the fast undominance recognition property.
Proof.

1. This is a direct result of the two first properties of any undominated strategy (Lemma 2),
and the fact that winners pay their final reported value.
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2. It is polynomial time to check if a given strategy satisfies the properties of Lemma 2. Modi-
fying the strategy to satisfy the properties, if it does not satisfy them, is also easy: it is only
needed to decide what to answer in every step 2a, and when to retire, and the conditions of
Lemma 2 give exact characterization for that.

O
From all these we can immediately conclude:

Theorem 9. The Japanese Wrapper with the 1-CA-SUB is a feasible implementation in undomi-
nated strategies of a O(8 - 10g* (Umaz ) - /M) -approzimation.

As aresult, we get a solution to the EDP problem with “unknown” players. This is the first solution
for this problem, as well as for the more general case of combinatorial auctions with multi minded
players.

D Impersonation-Based Mechanisms

D.1 The general technique

Let M (G, K) denote the mechanism created by running the Impersonation-Based Mechanism with
an allocation rule G and an integer K, as described in Figure 4.

Lemma 8. Assume that M (G, K) is value monotone. Then for any player i, in any undominated
strategy, st D 5; and v; = v;.

Proof. We first show that for any agent 4, in any undominated strategy, s; C sil. In any such

strategy his utility is always non negative. If this is not the case, when the agent wins, he is
not satisfied, thus having negative utility (in any case he wins he pays a positive amount and his
valuation is zero). In cases he loses his utility is zero. We conclude that he always has non positive
utility, and such a strategy is dominated.

Next we argue that for any agent ¢, in any undominated strategy, v; = v;. Since the mechanism
is value monotonic, and the payments are by critical values, any strategy with 5; C s! and v; # v; is
clearly dominated by the strategy that declares the same set of bundles and the true value v;. O

Definition 18. The mechanism M (G, K) encourages minimal bundle bidding if for any agent i
in any undominated strategy s} = 3;.

Theorem 10. Fiz an allocation rule G that is a c-approzimation algorithm for known single minded
players. Suppose that M (G, K) is value monotone, encourages minimal bundles bidding and has
the fast undominance recognition property. Then it implements a c-approrimation in undominated
strategies.

Proof. Let t be the true types of the players, and let ¢’ be the sequence of single minded bidders
constructed from the players’ bids. Since M (G, K) is value monotonic, then, in any undominated
strategy, each player will report his true value. Since M (G, K') encourages minimal bundle bidding,
si will be the true bundle of player i for all i. Therefore ¢t C ¢/, i.e. all the actual players of ¢ exist
in ¢'. Let v*(¢),v*(t') be the optimal efficiency according to t,t’, respectively. We first claim that
v*(t) = v*(t'): v*(t) < v*(t') as t' includes all players of ¢, and perhaps more. On the other hand,
v*(t) > v*(t'), since we can convert any allocation in ¢’ to an allocation in ¢ with the same value
— choose the same winners and allocate them their bundles in ¢. This is still a valid allocation
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The Shifting Algorithm for KSM agents:

Input:

A vector of values v/ and a vector of axis-parallel rectangles s (with one element for each agent).
Procedure:

1. Divide the given rectangles to log (R) classes such that a class ¢ € {1,...,log(R)} consists of all
rectangles with heights in
[W-2¢=L W . 2¢) (where the height of an axis-parallel rectangle is its projection on the y-axis).?

2. For each class ¢ € {1,...,log(R)}, run the Class Shifting Algorithm (Figure 7) on the class c,
where the input is the vector of values v/ and a vector of axis-parallel rectangles from s/ with
height in [W - 2671 W - 2¢), to get an allocation W;(c).

Output:
Output the maximal value solution W;(c) (with respect to v7), over all classes ¢ € {1,...,log (R)}.

“Assume that the last class contains also the rectangles of height W - 21°8 (F%)

Figure 6: The Shifting Algorithm.

as allocated bundles only decreased, and it has the same value. Thus v*(t) = v*(¢'). Since G(¢)
produces an allocation with value at least v*(t')/c, the theorem follows.

Finally, we note that since G' runs in polynomial time, then the mechanism runs in polynomial
time: The allocation is clearly polynomial time computable. The payment of each agent can be
calculated by running the allocation at most log (U4, ) times using a binary search. ]

What allocation rules can we “plug-in” to our mechanism so that it will be value monotonic?
It is not sufficient that the allocation rule itself is value monotonic. E.g. the 1-CA of [14] will not
do: Suppose there are three players and 10 goods, player 1 bids 6 for the set {g1}, player 2 bids
5 for the sets {g2} and {g1, g2}, and player 3 bids 10 for all the goods. In this case player 1 wins
{g1} and player 2 wins {g2}. If player 2 increases his reported value to 7, then he become a loser,
since player 3 wins alone (since the value of the greedy decreases from 11 to 7, and the maximal
value remains 10 ).

We next demonstrate two allocation rules that can be plugged-in to the Impersonation-Based
mechanism.

D.2 Application 1: A combinatorial auction of the plane

In a CA of the plane, the set of goods is the set of points in the plane R2, and players desire
axis-parallel rectangles in the plane. With the Impersonation-Based mechanism technique, we are
able to achieve the original O(log (R)) approximation ratio of the original shifting algorithm of [12]
(see Figure 6) in undominated strategies. Throughout this part, we assume that the sub-procedure
to find the optimal interval allocation breaks ties in favor of contained rectangles (if a rectangle
contains another rectangle, than the later win be chosen if possible). Let Shifting be the shifting
allocation algorithm of Figure 6, and M (Shifting,log (R)) be the Impersonation-Based mechanism
based on Shifting, with K = log (R).

Theorem 11. The M (Shifting,log (R)) implements an O(log (R))-approximation in undominated
strategies.

Proof. The claims below show that M (Shifting,log (R)) is value monotonic, the mechanism en-
courages minimal bundle bidding and has the fast undominance recognition property, hence the
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The Class Shifting Algorithm:

Input:

A class number c.

A vector of values v/ and a vector of axis-parallel rectangles, each of height in [W - 2¢71 W . 2¢).
Procedure:

1. Superimpose a collection of horizontal lines with a distance of W - 2¢*t! between consecutive lines.
Each area between two consecutive lines is called a slab. Later, we shift this collection of lines
downwards. Each location of these lines is called a shift and is denoted by h.

2. For any slab created, and for all the rectangles in this slab which do not intersect any horizontal line,
project all the rectangles to the z-axis. Now, find the set of projections (intervals) that maximizes
the sum of valuations w.r.t. v’ (this can be done in polynomial time using a dynamic-programming
algorithm [4]). Let V(h,l) be the value achieved in slab [ of shift h.

3. Sum the efficiency achieved in all slabs in a shift to calculate the welfare of this shift. Denote the
welfare achieved in shift h by V/(h) =3, V(h,1).

4. Shift down the collection of horizontal lines by W, and recalculate the welfare. Repeat the process
21 times.

Output:
Output the set of agents winning in the shift with maximal value of V'(h), and their winning rectangles.

Figure 7: The Class Shifting Algorithm.

claim follows by theorem 10.

Claim 4. The allocation rule of the M (Shifting,log (R)) mechanism is value monotonic.

Proof. Suppose a winner ¢ increases his value. ¢ remains a winner in the winning shift, and its
value increases. The value of any shift (in any class) in which he remains a loser does not change.
Thus, the shift with the maximal value (over all classes and shifts in each class) must contain i as
a winner. U

Claim 5. In any undominated strategy, player i reports one minimal area bundle (minimal height
and width) containing §; in any class ¢ for which §; can belong to (a class ¢ for which the height of
5; is greater or equal to W - 2¢71).

Proof. Since the mechanism is value monotonic (Claim 4), by Lemma 8, for any player i, in any
undominated strategy, 3; C s}. This implies that in any undominated strategy, i never bids in a
class ¢ for which W - 2¢7! is smaller than the height of 5;.

Next we look only at some class ¢ for which 5; can belong to (W - 2¢7! is at least the height of
5;). We show that any strategy in which s? denotes the minimal area bundle agent i bids for in a
class ¢, is dominated by a strategy in which i replaces s! by some minimal area bundle s; D §; in
class c.

In any case that ¢ wins with a bundle not in class ¢, replacing the bundles in class ¢ cannot
make 7 a loser (since only allocations with ¢ as a winner are improved). Assume that ¢ wins the
bundle s¢ which belongs to class c. Replacing s! by some minimal area bundle s; in class ¢, such
that 5; C s; C sg, can never cause i to loose (in any shift from which 33 was not removed, s; will
not be removed as well). The same shift has ¢ winning and at least the same value as before, and
the value of any shift with ¢ losing does not increase).
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Player ¢ can remove any non minimal area bundles in any class, since this will never change the
outcome. Additionally, adding bundles can never make him worse off. This implies that since ¢ can
bid for up to log (R) bundles, in any undominated strategy, he will bid a minimal area bundle, in
any class ¢ such that W - 2¢7! is at least the height of ;. ]

Claim 6. M (Shifting,log (R)) has the fast undominance recognition property.

Proof. Given a strategy of player i, he can change it to an undominated strategy as follows. He
replaces the value by v;. In each class, he removes all bundles of that class and bid for a minimal
area bundle in that class that is contained in all these bundles, and contains 5;. Any such strategy
is undominated. U

Claim 7. M (Shifting,log (R)) encourages minimal bundle bidding.

Proof. Since player i bids a minimal area bundle that contains 5; in any class that such a bundle
exists, and does not bid in any smaller class, the only minimal area bundle that contains §; in the
minimal class for which such a bundle exists (the “true” class of ¢) is §;. Thus, in any undominated
strategy, i bids s} = 5;. O

This completes the proof of the theorem. O

D.3 Application 2: A general combinatorial auction

As mentioned, the Impersonation Based mechanism with the k-CA auction of [14] is not value
monotonic. In order to turn it to such, we use the technique of Figure 8 to convert allocation rules
to be value monotone. This technique is fully presented and analyzed in a companion paper [5].
Briefly, given an allocation rule G, this method maintains InU,,., classes, where the i’th class
“sees” only players with value of at least 2°~!. Each class computes an allocation according to an
unweighted version of G (i.e. all players have values of 1), and the allocation of the class with
maximal value is chosen. In [5] we show that the resulting approximation ratio is increased only
by a factor of O(10g(Umaz)). We use this in our “impersonation-adjusted k-CA”:

Definition 19 (The impersonation-adjusted k-CA). The impersonation-adjusted k-CA allocation
rule TA — k — CA is defined to be the Bitonic Unweighted Allocation Rule of Figure 8, on top of
the k-CA allocation rule of [14] with the following tie breaking rules:

o The greedy algorithm favors larger bundles over smaller bundles.
o The exhaustive-k algorithm favors smaller bundles over larger bundles.

For a fixed €, k is chosen to make the k-CA an e /m-approximation for the KSM CA model.
By [5], the impersonation-adjusted k-CA is a thus a (2 - ¢ - /m - In ¥4, )-approximation for the
known single minded players.

We use the impersonation-adjusted k-CA as the allocation rule for our Impersonation-Based
mechanism. We set the parameter K of the mechanism to be /m. Effectively, this enables any
player to bid for any chain he might desire to bid for, as we later show.

Theorem 12. The M(IA—k—C A, \/m) mechanism implements a (2-€-r/m-1n Uz ) -approzimation
in undominated strategies.
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Proof. The following claims show that M(IA — k — CA, /m) is value monotonic, it encourages
minimal bundle bidding, and it has the fast undominance recongnition property, hence the claim
follows by theorem 10.

Claim 8. M(IA—k — CA,\/m) is value monotonic.

Proof. We prove that if a player enters a new class, and becomes a loser in that class, then the
value of the allocation of that class does not increase. This immediately implies monotonicity: Let
¢ be the class with highest value. Suppose some winner in ¢ increases his value. This may only
affect the allocation in classes he now joins because of the value increment. All those classes had
values lower than the value of c. By the above claim, any class that now has value higher than the
value of ¢ must have i as a winner, thus ¢ is a winner in the new winning class.

Suppose the player joins a new class. There are two cases: either the greedy wins or the
exhaustive-k wins after the player joined. If the greedy wins but ¢ loses, this means that ¢ loses
in the greedy, thus the value of the greedy does not change by adding ¢ and was maximal before
the change (the value of the exhaustive-k can only increase by adding 7). So we conclude that
the value of the allocation does not change. If the exhaustive-k wins after ¢ joins, since ¢ loses in
the exhaustive-k, the value of the exhaustive-k does not change. If the exhaustive-k was maximal
before the change, then the value of the allocation does not change. If the greedy was maximal
before the change, it must be the case that its value decreases (since the value of the exhaustive-k
is fixed), so the value of the allocation decreases. O

Claim 9. Any strategy in which i bids the value v; and a sequence of k; < \/m bundles s} C s? C
... C sfi where s} # 5; is dominated by the strategy in which i bids v; and

o removes all bundles that does not contain s;.
e adds s; as his first reported bundle.
e removes all reported bundles different from 3; of size larger than /m.

Thus, the mechanism has the fast undominance recognition property and it encourages minimal
bundle bidding.

Proof. Since the mechanism is value monotonic (Claim 8), by Lemma &, for any player i, in any
undominated strategy, 5; C s}. This implies that any strategy in which i bids any bundle that does
not contain 3;, is dominated by a strategy in which such a bundle is removed. So from this point
we assume that each reported bundle contains §;, so ¢ wins if and only if he is satisfied.

Next, note that it is possible to add 5; and remove all bundles larger than /m while keeping
k; < y/m. This holds since there are at most /m — 1 bundles in any chain of bundles, each of size
at most y/m, and 5; C s; (the chain does not include 5;). We show that in any case that i wins
with the current bid, he also wins if he changes his bid by adding §; as the first reported bundle
and removing all bundles larger than /m.

In any class, in the exhaustive-k, if ¢ wins with some bundle that contains s; before the change,
he also wins with 5; after the change. Only players with |5;| < y/m might win in the greedy
algorithm before the change. In any class, in the greedy algorithm, if ¢ wins with some bundle that
contains §; before the change, he also wins with the same bundle after the change (this bundle is
not removed). Adding §; might only cause i to win in some cases that he lost before the change.

Note that the claim shows that if |3;| > y/m, the strategy of reporting v; and s} = 5; (k; = 1)
is a dominant strategy for i. O
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A mechanism for a Bitonic Unweighted Allocation Rule:
Allocation:
Step 1: Each player ¢ report a value v;.
Step 2: Partition the given input to log(Umqs) classes according to their value.
Playr i that bids v; appears with value 1 in any class C' such that v; > 261,
and with value 0 in all other classes.
Step 3: Compute the bitonic allocation rule BR for each class C.
Denote the number of winners in class C by n(C).
Step 4: Output the class C* for which 2¢~!n(C) is maximal.
Payments:

Each winner pays his critical value for winning, losers pay 0.

Figure 8: Converting unweighted bitonic allocation rules BR into truthful mechanisms.

This completes the proof of the theorem.
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